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Abstract. For a complex manifold X the ring of microdifferential operators 
Ex acts on the microlocalization fj,hom{F, Ox), for F in the derived category of 
sheaves on X. Kashiwara, Schapira, Ivorra, Waschkies proved, as a byproduct 
of their new microlocalization functor for ind-sheaves, fix, that iihom,(F, Ox) 
can in fact be defined as an object of D{£x)'- this follows from the fact that 
fJ-xOx is concentrated in one degree. 

In this paper we prove that the tempered microlocalization T-fihom{F, Ox), 
or fixO^^, also are objects of D{£x)- Since we don't know whether fixO^^ 
is concentrated in one degree, we built resolutions, of £x and fixO*^^, such 
that the action of £x is realized in the category of complexes (and not only 
up to homotopy) . To define these resolutions we introduce a version of the de 
Rham algebra on the subanalytic site which is quasi-injective. We prove that 
some standard operations in the derived category of sheaves can be lifted to 
the (non-derived) category of dg-modules over this de Rham algebra. Then 
we built the microlocalization in this framework, together with a convolution 
product. 



1. Introduction 

For a complex analytic manifold the sheaf of microlocal differential operators on 
its cotangent bundle was introduced by Sato, Kashiwara and Kawai using Sato's 
microlocalization functor. Let us recall briefly the definition, in the framework 
of [5]. Let X be a manifold and let D^(Cx) be the bounded derived category of 
sheaves of C-vector spaces on X. For objects F,G ^ D''(Cx), a generalization of 
Sato's microlocalization functor gives fihoni{F,G) G D^{Ct*x), and a convolution 
product is defined in [5j for this functor iihom. When X is a complex analytic 
manifold of complex dimension dx , one version of the ring of microlocal operators 
is defined by £^ — iJ,hom{CA, C'x'xx'')M^]' where A is the diagonal of X x X and 
^Xxx^ denotes the holomorphic forms of degree on the first factor and degree 
dx on the second factor. It has support on the conormal bundle of A, which may 
be identified with T*X . The product of £^ is given by the convolution product of 
lihom. 

The convolution product also induces an action of £^ on iJ.hom{F, Ox), for any 
F e D''(Cx), i.e. a morphism in D''(Ct-x), £x ® f^hom{F, Ox) -> fihom{F, Ox), 
satisfying commutative diagrams which express the properties of an action. 

A natural question is then whether ^hom(F,Ox) has a natural construction 
as an object of D^(£^). It was answered positively in [S] as a byproduct of the 
construction of a microlocalization functor for ind-sheaves. The category of ind- 
sheaves on X, l(Cx), is introduced and studied in [7]. It comes with an internal 
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Horn functor, THora, and contaiirs Mod(Cx) as a full subcategory; the embedding 
of Mod(Cj(:) in I(Cx) admits a left adjoint (which corresponds to taking the limit) 
ax ■ l{Cx) Mod(Cx) which is exact. In this framework the construction of fS] 
yields a new microlocalization functor ■ D''(I(Cx)) — * D''(I(Ct'x)) such that 

(1) fihom{F, G) ~ ar-x KIHom{fixF, fixG). 

In particular fix applies to a single object of D''(I(Cx)) and nhom{F, G) takes the 
form of a usual Horn functor between objects on T*X. 

The convolution product is also defined in this context, and now it gives an action 
of £^ on fix {Ox)- Through isomorphism H]) this action on /xx(Cx) induces the 
action on fj,hom{F,Ox)- Hence it is enough to define fj,x{Ox) as an object of 
D^{£^) to have the answer for all fihom{F,Ox)- It turns out that, outside the 
zero section of T*X, fix {Ox) is concentrated in degree —dx- Thus fix {Ox) — 
H'"^^ fix{Ox)[dx] and, since the action of £x gives an f^-module structure on 
H^"^^ fix{Ox), we see that fix{Ox) naturally belongs to D''(£^), as required. 

However in many situations differential operators of finite order are more appro- 
priate. In this paper we solve the same problem in the tempered situation, i.e. for 
the sheaf E-^ of differential operators with bounded degree and for the tempered 
version of fihom{F, Ox)- This tempered microlocalization T—fihom{F, Ox) is intro- 
duced in [1] and also has a reformulation in terms of ind-sheaves. Namely it makes 
sense to consider the ind-sheaf of tempered C°°-functions and the corresponding 
Dolbeault complex Ox (it is actually a motivation for the theory of ind-sheaves). 
Then 

T-fihom{F,Ox) ^ aT'xR1'Ho\n{fixF, fixO^x)- 
We have as above a natural action of £^'^ on fix{0\^)- Unfortunately this last 
complex is a priori not concentrated in one degree and we cannot conclude directly 
that fix{0\^) is an object of D^{£^'^). 

We will in fact find resolutions of £^''^ and fix{0^x) such that the action corre- 
sponds to a dg-module structure over a dg-algebra. More precisely we will define 
an ind-sheaf of dg-algebras £x on T*X (outside the zero section) with cohomology 
only in degree and such that H'^{£x) = ^x '^ ■ We will also find a dg-£^-module, 
say M, such that M ~ fix{Ox) in D''(I(Ct*x)) and such that the morphism of 
complexes £x ® M —f M given by the dg-f 5^-module structure coincides with the 
action £^'^ ® fix {Ox) ^ ^J■x{Ox)- Then, as recalled in section [31 extension and 
restriction of scalars yield an object Af G D''{£^''^) which represents fix {Ox) with 
its ^'^'''^-action. So we conclude as in the non tempered case. 

Now we explain how we construct £x and A/. The main step in the definition of 
£x^^ ^ ^s well as its action on fihom{F, Ox), is the microlocal convolution product 

(^j flXxxOxxX °^^XxxOxxX ["-Xl ^lXxxOx^x ' 

where o denotes the composition of kernels. This is a morphism in the derived 
category. It is obtained from the integration morphism for the Dolbeault complex 
and the commutation of the functor fixxx with the convolution of sheaves. In 
order to obtain a true dg-algebra at the end, and not a complex with a product 
up to homotopy, we will represent the functor /i by a functor between categories of 
complexes, which satisfies enough functorial properties so that the convolution also 
corresponds to a morphism of complexes. 
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Let us be more precise. The first step is the construction of injective resolu- 
tions, with some functorial properties. For this we introduce a quasi-injective de 
Rham algebra, A, below (quasi-injectivity is a property of ind-sheaves weaker than 
injectivity but sufficient to derive the usual functors). We use the construction of 
ind-sheaves from sheaves on the "subanalytic site" explained in [7]. For a real an- 
alytic manifold X, the subanalytic site, Xsai has for open subsets the subanalytic 
open subsets of X and for coverings the locally finite coverings. On Xsa it makes 
sense to consider the sheaf of tempered C°° functions, C^'*. 

We consider the embedding ix ■ X — X x {0} — » X x R and define a sheaf of 

i-forms on Xga, Ax — *x^rxxR>o(C^xR^)- "^^^^ gives a de Rham algebra Ax 
and it yields a quasi-injective resolution of Cx„. For a morphism of manifolds 
/: X — > y we have an inverse image /* : f~^AY Ax- If / is smooth, with fibers 
of dimension d, we also have an integration morphism : fuAx ® or^iy [d] Ay, 
which represents the integration morphism Rfi\orx\Y[d] Cy- 

We denote by Mod(^x) the category of sheaves of dg-^x-modules. We have 
an obvious forgetful functor For^ : Mod(^x) D(Cxsa)- We will prove that the 
operations needed in the construction of ^ are defined in Mod{Ax) and commute 
with For^. For example, for a morphism of manifolds f : X ^ Y we have functors, 
/* and f*,f\\, of inverse and direct images of dg- ^-modules. In some cases this gives 
a way to represent the derived functors and Rf^,, Rfu. For example, since Ax is 
quasi-injective we can prove, for F G Mod(^x), Fory(/n(i^)) ~ i?/n(For^(F)). If 
/ is smooth we also prove, for G £ Mod(^r), FoTx{f*G) ~ /-^(Fory (G)). When 
X is a complex manifold, we also have a resolution. Ox, of by a dg-^x-module 
which is locally free over A% (it is deduced from the Dolbeault resolution). 

Once we have these operations we define a microlocalization functor for dg- 
^-modules. Let us recall that the functor fix is given by composition with a 
kernel Lx e D''(C(xxt-x), J: for F e D^(Cx,J we have fixiF) ^ Lx o F ^ 
Rp2\\{Lx ®Pi^F). We define a corresponding dg- ^-module, L^, which is quasi- 

isomorphic to Lx outside the zero section of T*X, i.e. over X x T*X, and we set, 
for a dg-^x-module F: 

This functor is defined on the categories of complexes, i.e. it is a functor from 
Mod(^x) to Mod(^T*x)- If F is locally free over A\, we show that fi-^{F) 
is quasi-injective and represents Hx{F) over T*X: we have FoTrp^xil^xiF)) — 
fix{FoTx{F)). In particular, when X is a complex manifold we obtain the dg- 
.AT'X-module ii-^{Ox) which represents /xx(Ox) ^^"^ '^^^ used to compute 
RHom(-,Mx(0^)). 

With these tools in hand we define the sheaf mentioned above from /i-^, the 
same way S-^^ was defined from /x. The definition of the product involves a convo- 
lution product for fi-^. The kernel L-^ has indeed the same functorial behavior as 
Lx, not with respect to all operations, but at least those needed in the composition 
of kernels. We end up with a dg-^T*x-inodule which is a ring object in the cat- 
egory of dg-vAyx -modules and which represents £^'^ ■ In the same way we obtain 
a structure of fj^-module on fj,-^{Ox), as desired. As said above this f^^-module 
gives a PT'x{Sx''^)-i^odule by extension and restriction of scalars (here /3 is the 
functor from sheaves to ind-sheaves which is left adjoint to a). Our result is more 
precisely stated in Theorem 112.41 
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Theorem 1.1. There exists E D{f3T'x{£x'''^))), defined over T*X, which 
is send to fixOx in D(I(Ct*x)) by the forgetful functor and satisfies: for F £ 
D^(I(Cx)) the complex 

ax-x RTWom(7r-iF, O^) 

which is naturally defined in Y)(£^'-^), over T* X , is isomorphic in D{Cx*x) to 
T—fihom{F,Ox) endowed with its action of S^''^ . 

Acknowledgements. The starting point of this paper is a discussion with Raphael 
Rouquier and Pierre Schapira. The author also thanks Luca Prelli for his comments, 
especially about soft sheaves on the analytic site. 



2. Notations 

If X is a manifold or a site and R a sheaf of rings on X, we denote by Mod(i?) the 
category of sheaves of i?-modules on X. The corresponding category of complexes is 
C{R), and the derived category D(_R); we use superscripts b, +, — for the categories 
of complexes which are bounded, bounded from below, bounded from above. More 
generally, if i? is a sheaf of dg-algebras on X, Mod(i?) is the category of sheaves 
of dg-i?-modules on X, D{R) its derived category (see section |3]). In particular, 
if X is a real analytic manifold, this applies to the subanalytic site Xga whose 
definition is recalled in section [D We denote by px or p the natural morphism of 
sites X Xsa- We denote by Cx and Cx^^ the constant sheaves with coefficients 
C on X and Xga- 

If X is a manifold we denote by I(Cx) the category of ind-sheaves of Cx-vector 
spaces on X (see section |4]), and D(I(Cx)) its derived category. This category 
comes with a natural functor ax, or a: I{Cx) — > Mod(Cx) which corresponds to 
taking the limit. Its left adjoint is denoted Px, or f3. 

The dimension of a (real) manifold X is denoted dx ; if X is a complex manifold, 
its complex dimension is dx- 

For a morphism of manifolds f: X ^ Y, we let ujx\y = /'Cy be the relative 
dualizing complex. Hence ujx\y is an object of D''(Cjf )■ If is a point we simply 
write ux', then lux — orx[dx], where orx is the orientation sheaf of X. In fact, 
for X connected, ljx\y is always concentrated in one degree (since X and Y are 
manifolds), say i, and we will use the notation t^'^iy ^ H^LUx\Y[—i]', hence w^jy is 
a well-defined object of C^{Cx)- For an embedding of manifolds iz- Z '-^ X we 
will often abuse notations and write i-Uz\x for iz*^z\x- 

For a manifold X, wc let TX and T*X be the tangent and cotangent bundles. 
For a submanifold Z C X we denote by TzX and T^X the normal and conormal 
bundle to Z. In particular T^X ~ X is the zero section of T*X and we set 
f*X = T*X \ T^X. We denote by Xz the normal deformation of Z in X (see for 
example [5]). We recall that it contains TzX and comes with a map t: Xz R 
such that t"^(0) — TzX and T~^(r) ~ X for r ^ Q. We also have another map 
p: Xz ^ X such that p-\z) = {TzX)^ U {z} x R for z e Z and p-'^{x) ~ R \ {0} 
iovxeX\Z. We set VL = r-i(R>o). 

For a morphism of manifolds f : X ^ Y , the derivative of / gives the morphisms: 

T*X X Xy T*Y ^ T*Y. 
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For two manifolds X,Y,F e B+{Cx), G e D+(Cy), weset F^G ^ p^^F^p^^G, 
where pi is the projection from X xY to the i*'* factor. For three manifolds X, Y, Z, 
and "kernels" K g D+(Cxxy), L e D+(Cyxz), we denote the "composition of 
kernels" by KoL = Rp2'i\{pi2 K ®P2^ L) , where is the projection from X x y x Z 
to the i*'* X factors. We use the same notations for the variants on subanalytic 
sites or using ind-sheaves. 

3. DG-ALGEBRAS 

In this section we recall some facts about (sheaves of) dg-algebras and their 
derived categories. We refer the reader to [2]. 

A dg- algebra A is a Z-graded algebra with a differential (Ia of degree +1. A dg-A- 
module M is a graded j4-module with a differential (Im such that, for homogeneous 
elements a G A*, m G , dM^a ■ rn) = ^^(a) • m + (— l)'a • d.M'ni- 

We consider a site X and a sheaf of dg-algebras Ax on X. We denote by 
Mod{Ax) the category of (left) dg- Ax-modules. We let Ax be the graded al- 
gebra underlying Ax (i.e. forgetting the differential). A morphism f : M ^ N 
in Mod{Ax) is said to be null homotopic if there exists an ^x-linear morphism 
s: M N[—l] such that / = sdm + djvs- The homotopy category, K{Ax), has 
for objects those of Mod{Ax) , and for sets of morphisms those of Mod{Ax) quo- 
tiented by null homotopic morphisms. A morphism in Mod{Ax) (or K{Ax)) is a 
quasi-isomorphism if it induces isomorphisms on the cohomology groups. Finally, 
the derived category D{Ax) is the localization of K{Ax) by quasi-isomorphisms. 

Derived functors can be defined in this setting, in particular the tensor product 
• '■ If — ^ Bx is a morphism of sheaves of dg-algebras, we obtain 

the extension of scalars 4>* : I){Ax) I){Bx), M ^ Bx '^Ax which is left 
adjoint to the natural restriction of scalars 0* : D{Bx) D{Ax)- By [5] (Theorem 
10.12.5.1), if (f) induces an isomorphism H{A) ^ H{B), then these functors of 
restriction and extension of scalars are mutually inverse equivalences of categories 
B{Ax)^BiBx). 

Some dg-algebras considered in this paper will appear as ring objects in cate- 
gories of complexes. We recall briefly what it means. We let C be a tensor category 
with unit C (C will be D(Cy), D(I(Cy)) or Mod(Ay) for some manifold Y and 
the unit is C = Cy). 

Definition 3.1. A ring in C is a triplet {A, m, e) where AeC, m: A(i^ A ^ A and 
e: A are morphisms in C such that the following diagrams commute: 

A®A C(g) A ^A<g)A Ai^A^A ^A'S>A 

A^A A 

In the same way, for such a "ring" [A, to, e), an action of A on Af G C is a morphism, 
a: A^ M ^ M, compatible with to and e. The pairs {M, a) of this type form a 
category, where the morphisms from (M, a) to (Af ', a') are the morphisms from M 
to M' commuting with the action. 

If Ex is a sheaf of (usual) algebras on X, we may consider Ex as a ring object 
in D(Cx) and we denote by Dex{^x) the category of "objects of D(Cx) with 
i?x-action" as above. 
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We consider again a sheaf Ax of dg- algebras on X. We assume that its coho- 
mology sheaves are except in degree and we set Ex — H'^{Ax)- Hence, if we 
forget the structures and view Ax, Ex as objects of D(Cx), we have isomorphisms 
Ax ^ T<coAx ^ Ex (where t<o, t>o denote the truncation functors). We note 
that T<oAx = • ■ • ^ A^^ kero?o ^ is sub-dg-algebra of Ax (whereas t>oAx 
has no obvious structure of dg- algebra). The multiplications of Ax and Ex induce 
morphisms in D{Cx)- Ax ® Ax — > Ax, Ex <S> Ex Ex- These morphisms coin- 
cide under the identification Ax — Ex ■ Hence Ax and Ex are isomorphic as ring 
objects in D(Cx)- 

For M G D(Ax), the structure of ^j^-module induces a morphism in D{Cx)'- 
a : Ex 1^ M ~ Ax <E) M M . Then a is an action of Ex on M . In this way we 
obtain a forgetful functor Fax ■ D(^x) ^ Dbx i^x)- 

Lemma 3.2. Let Ax be a sheaf of dg-algebras, with cohomology sheaves concen- 
trated in degree and Ex — H'^{Ax)- Let cj): Ax — > Bx be a morphism of sheaves 
of dg-algebras such that (j) induces an isomorphism H{A) ^ H{B). Then we have 
isomorphisms of functors Fax ° (f)* — Fbx '^'^'^ ^Bx ° (j)* — Fax ■ 

Proof. The first isomorphism is obvious and the second one follows because 0* and 
(j)* are inverse equivalences of categories. □ 



Applying this lemma to the morphisms Ax < t<oAx Ex, we obtain: 

Corollary 3.3. With the hypothesis of the above lemma, we have the commutative 
diagram: 

D(Ax). 



(Cx). 




In particular, for M G D^;^ (Cx), if there exists G D{Ax) such that Fax i^) 
M then there exists TV' G D{Ex) such that FsxiN') ~ M 



4. Ind-sheaves and subanalytic site 

We recall briefly some definitions and results of [7] about ind-sheaves. To define 
the ind-sheaves we are interested in we will use the "subanalytic site" as in [7], 
where it is introduced to deal with tempered C°° functions. It is studied in more 
details in [lO] . 

4.1. Ind-sheaves. For a category C we denote by the category of functors from 
C°P to the category of sets. It comes with the "Yoneda embedding", h: C C^, 
X Houici-, X). The category admits small inductive limits but, in general, 
even if C also admits such limits, the functor h may not commute with inductive 
limits. We denote by "lim" the inductive limit taken in the category C^. 

An ind-object in C is an object of which is isomorphic to " lim " i for some 
functor i: L ^ C, with / a small filtrant category. We denote by Ind(C) the full 
subcategory of of ind-objects. 

We are interested in two cases. Let X be a real analytic manifold, Mod(Cjs:) 
the category of sheaves of C-vector spaces on X, ModR,_c(Cx) the subcategory of 
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R-constructible sheaves, Mod^(Cx) and Mod^_^(Cx) their respective full subcat- 
egories of objects with compact support. We define as in [7]: 

I(Cx) = Ind(Mod''(Cx)) and Ir-c(Cx ) = Ind(Mod^_,(Cx)). 

There are natural exact embeddings Ir : Ir_c(Cx) ^ and lx ■ Mod(Cx) 

I{Cx), F ^ "lim"i^tf, U running over relatively compact open sets. Then lx 
sends ModR_c(Cx) into Ir_c(Cx). 

The functor lx admits an exact left adjoint functor ax'- l{Cx) ~> Mod(Cx), 
" lirn " ■ J Fi !—>■ lim^ ^ Fi. Since tx is fully faithful, we have ax ° I'X — id. 

The functor ax admits an exact fully faithful left adjoint px'- Mod(Cx) 
l{Cx)- Since fix is fully faithful, we have ax ° Px — id. For Z C X a, closed 
subset, we have 

(3) /3jf(Cz) =i "lim" CpfT, T4^ C X open subset. 

W, ZCW 

We write a, (3 for ax, Px when the context is clear. The machinery of Grothen- 
dieck's six operations also applies to this context. There are not enough injectives in 
l(Cx), but enough "quasi-injectives" (see [7] and [8]): F S I(Cx) is quasi-injective 
if the functor Hom(-,F) is exact on M.od'^{Cx)- The quasi-injective objects are 
sufficient to derive the usual functors. In particular, for a morphism of manifolds 
f:X^Yvfe have the functors: 

ri,/:D^(I(Cy))^D^(I(Cx)), 

Rf,, Rh-.-D^liCx)) ^^HliCy)), 

KIHom: B^liCx))"" x D'^lC^f)) ^ D+(I(Cx)), 

®: B\l{Cx)) X B\liCx)) ^ D''(I(Cx)), 

and also RHom = aBXHom: D''{I{Cx))°p x D''{I{Cx)) ^ D+(Cx). 

It will be convenient for us to use the equivalence of categories given in [7] 
between Ir_c(Cx) and sheaves on the subanalytic site, defined below. 

4.2. Subanalytic site. In this paragraph X is a real analytic manifold. The open 
sets of the site Xga are the subanalytic open subsets of X. A family IJjgj Ui of such 
open sets is a covering of U if and only if, for any compact subset K, there exists 
a finite subfamily of J C / with K n IJ^gj Ui = KCiU. We denote by Mod(Cjf^J 
the category of sheaves of C-vector on Xsa- 

We have a morphism of sites px ■ X Xga (where X also denotes the site 
naturally associated to the topological space X). We just write p if there is no risk 
of confusion. In particular we have adjoint functors : Mod(Cx) ^od{Cx^^) 
and p-i : Mod(Cx,J ^ Mod(Cx). 

The functor is exact and p* is left exact and fully faithful (hence p^^ o p^ = 
id). We denote by pc* the restriction of p* to ModR_c(Cx)- Then pc* is exact 
and, for F S ModR_c(Cx), we usually write F instead of Pc*F. The functor p„ 
induces an equivalence of categories (see [7 , Theorem 6.3.5): 

A: lR_e(Cx) ^ Mod(Cx.J 
'4_im''F, K^limp„(F,). 

i i 

Through this equivalence, the functor p~^ corresponds to a and it also admits an 
exact left adjoint functor, corresponding to /?. When dealing with the analytic 
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site we will use the notation p\: yioA{Cx) Mod(Cx^^) for this functor. For 
example ([3]) becomes piCz — lim^^^^^ where W runs over the subanalytic 
open subsets of X. We note the commutative diagrams: 

Mod(Cx) ModR_,(Cx) ^ Mod(Cx) 

Ir-c{Cx) ^ Mod(Cx.J —-^ I(Cx) Ir-c(Cx) ^ Mod(Cx.J — - I{Cx) 

The functors appearing in these diagrams are exact and induce similar commutative 
diagrams at the level of derived categories. 

The functor Tiom is defined on Mod(Cx„) as on every site and we set, for 
Z C X a. locally closed subanalytic subset: 

(4) TziF) ^nom{p,.Cz,F), Fz = F ® p^Cz- 

The functors and Tiom commute, hence and T z also commute. For subana- 
lytic open subsets U,V d X we have Tu{F){V) = F{U n V"). 

By analogy with ind-sheaves, a notion weaker than injective is introduced in [lOj : 
F G Mod{Cx,a) is quasi-injective if Hom(-, F) is exact on p*Mod^_^(Cjf). In fact, 
since we consider coefficients in a field, it is equivalent to ask that for any subanalytic 
open subsets U CV with compact closure T{V; F) r(C/; F) is surjective. Quasi- 
injective sheaves are sufficient to derive usual left exact functors. In particular we 
obtain RTiom, RTz, and they commute with Rp^,. We note the following identity 
(which has no equivalent on the classical site): for F G D^_^{Cx), H G D+(Cx), 
GgD+(Cx.J, 

(5) Rnom{Rp^F, G) ® p\H ~ RHom{Rp^F, G (g> p\H) in D+(Ca%J. 

We also have another related result (see [TD], Proposition 1.1.3): for {Fi}i^i a 
filtrant inductive system in Mod(Cxs„) and [/ C X an analytic open subset 

(6) \\mRTu{F,) ^ RTuilhnF,). 

i i 

For a morphism f : X ^ Y there are the usual direct and inverse image functors 
on the analytic sites /^^, but also, as in the case of ind-sheaves, a notion of 
proper direct image /n, with a behavior slightly different from the behavior of /i 
on the classical site. The functor and /n admit derived functors. We quote 
in particular: for F G D+(Cx,J, G G D^_^(Cy) (we identify G with p,G) 

(7) f]\F = lim f*{Fij), U C X relatively compact open subanalytic, 

u 

(8) /ni^ = lim /,(r/fF), X C X compact subanalytic, 

K 

(9) Rfn RHom{f-^G, F) ^ R7^om(G, Rfv.F), 

(10) RfuRTf^iuF ^ RTuRfvF 

The derived functor Rf<\: D^{Cx^^) D+(Cy^^) admits a right adjoint /'. The 
notation is the same as in the classical case because of the commutation relation 
/■ o Rp^ ~ Rp^ o /■. Hence /'Cy^^ ~ /5*wx|y and we will usually write u>x\y 
for Pf,u!x\Y- The adjunction morphism between /n and /' induces the integration 
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morphism 

(11) hit/: i^/^(c^x|y)^Cy^„• 
4.3. "Soft" sheaves. In this paragraph X is a real analytic manifold and Xsa is 
the corresponding subanalytic site. Though we are not in a framework of sheaves 
on a locally compact space, we may introduce a notion of soft sheaves on the 
subanalytic site which are acyclic for the direct image functors. 

Definition 4.1. A sheaf F e Mod(Cj(:^^ ) is soft if for any closed subanalytic 
subset Z (Z X and any open subanalytic subset U <Z X the natural morphism 
V{U; F) T{U- Fz) is surjective. 

We note the following isomorphism, as in the case of sheaves on a reasonable 
topological space: 

(12) V(U;Fz)~ lim V{W]F), C X subanalytic open set. 

unz c w c [/ 

From this description of sections it follows that quasi-injective sheaves are soft. We 
also note that if F is soft and Z C X \s a. closed subanalytic subset then Fz is soft. 

Before we prove that soft sheaves are acyclic for functors of direct image we need 
a lemma on coverings. 

Lemma 4.2. Let U ~ UieN locally finite covering by subanalytic open 

subsets of X . There exist subanalytic open subsets of X , Vi C Ui, i G N, such that 

t^ = UeN^» ""'^ (c/nW) c u,. 

Proof. We choose an analytic distance d on X and we define Vn inductively as 
follows. If Vj,, i <n,is built we set Wn = Un \ {\Ji<n ^ Uj>„ Uj) and 

Vn^{xe Un, d{x,Wn) < dix,dUn)}. 

We note that Wn is subanalytic because the covering is locally finite. Since d 
is analytic the functions d(-,Z), Z <Z X subanalytic, are continuous subanalytic 
functions (see [3] for the notion of subanalytic function). It follows that Vn is a 
subanalytic open subset of X and Vn C Un- 

By construction Wn C Vn and we deduce by induction that U — ljj<n 
Uj>n ^J- Since the covering is locally finite this gives U = UieN 

It remains to prove that {U fl Vn) C U„. If this is false there exists xq € 
U nVnCi dUn- Since W„ is closed in [/, we have 5 = d{xo, Wn) > 0, and the ball 
B{xo,S/2) doesn't meet Vn- In particular xq ^Vn which is a contradiction. □ 

Proposition 4.3. LetO F' ^ F ^ F" ^ be an exact sequence in Mod{Cxsa) 
with F' soft- Then for any open subanalytic subset U d X the morphisms 

T{U\F) -^T{U]F") and \\mT k{U; F) ^ \\mT k{U] F"), 

K K 

where K runs over the compact subanalytic subsets of X , are surjective. 

Proof. We first consider a section s e T{U\F"). We may find a locally finite 
covering U — U^gn ^» ^"^"^ ^ ^{Ui;F) such that a{si) = s|t/. . By Lemma W?I\ 
there exists a subcovering U = IJieN '^^^^ {U C\Vi) C Ui- 

We set Zn — ljr=o ^"^'^ prove by induction on n that there exists a section 
Sn e T{U;Fz„) such that /3(s„) = s\z„ and s„|2„_i = Sn-i- 
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This is clear for n — and we assume it is proved for n. We set tn — 
{sn - Sn+i)lz„nTwT- ^^^^ = so that i„ befongs to r(C/; F^^^-^^) and 

by hypothesis we may extend it to t G T{U; F'). Now we define s„+i E r(C/; Fz^_^_i) 
by Sn+i\z„ = Sn and s^+il y = Sn+i + cx(t). The s„ glue together into a section 
s £ r(C/; i^) such that /3(s) = s, which proves the surjectivity of the first morphism. 

Now we consider a compact K and s e Tk{U ; F"). We choose an open subana- 
lytic subset V such that K d V and K' — V is compact. We set Z — X \ V. We 
just have seen that we may find s G T{U; F) such that (3{s) — s. Hence f3{s\z) — 
so that s\z G T{U ; F'^) and we may extend s\z to t € T{U ; F'). Then s = s - a(t) 
satisfies supps C K' and /3(s) = s. □ 

Corollary 4.4. If ^ F' ^ F ^ F" ^ is an exact sequence in Mod(Cx„) 
with F' and F soft, then F" also is soft. 

Proof. For Z C X a subanalytic closed subset we have the exact sequence 
F'^ Fz — >• F^ and F^, Fz still are soft. Hence Proposition 14. 31 implies that, 
for any subanalytic open subset U C X, the morphisms T{U;F) r{U;F") and 
r{U; Fz) T{U ; F'^) are surjective. Now it follows from the definition that F" is 
soft. □ 



Corollary 4.5. Let f : X —t Y he a morphism of analytic manifolds, U d X 
an open subanalytic subset. Then soft sheaves in Mod(Cxs„) are acyclic for the 
functors T(U; •), lirn^^ Tk{U', ■), K running over the compact subsets of X , Tjj, /, 
and f\\. 

Proof. For the first two functors this follows from Proposition l4.3l and Corollary 14. 41 
by usual homological algebra arguments. This implies the result for the other 
functors. □ 



4.4. Tempered functions. Here we recall the definition of tempered C°° func- 
tions. We also state a tempered de Rham lemma on the subanalytic site, which is 
actually a reformulation of results of [4]. In this paragraph, X is a real analytic 
manifold. 

Definition 4.6. A C°° function / defined on an open set U has "polynomial growth 
at p G X" if there exist a compact neighborhood K oi p and C, iV > such that 
Vx G i^T n t/, |/(x)| < Cd{x,K \ U)~^ , for a distance d defined through some 
coordinate system around p. 

We say that / is tempered if all its derivatives have polynomial growth at any 
point. In |7| it is proved, using results of Lojasiewicz, that these functions define a 
subsheaf C^' of p*C^ on Xsa- 

We denote by Q*^ the sheaf on X^a of forms of degree i with tempered coefficients. 
We obtain as usual a sheaf of dg-algebras on Xga, the "tempered de Rham algebra" 

n*^ = o^n^^" ^ ^ o. 

Lemma 4.7. The tempered de Rham algebra is a resolution of the constant sheaf 
on the subanalytic site, i.e. we have an exact sequence on Xsa-' 

^ Cx,„ -^nf ^ >n'x" ^0. 
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Proof. In other words we have to prove that the morphism Cx^^ D'' {Cx^^ ) 

is an isomorphism. For this it is enough to see that, for any F G D^_^(Cx) we 
have 

(13) RHom(p*i^, Cx,J ^ RHom(p,F, 17^). 

Indeed for any G G D+(Cjc^^), H^{G) is the sheaf associated to the presheaf 
U ^ R^V{U\G) = ff'=RHom(p*Cc/,G); hence (HH) apphed \.o F = d, gives the 
result. 

Now we prove (fT3|) . ActuaUy this is Proposition 4.6 of [4|, except that it is not 
stated in this language, and that it is given for tempered distributions instead of 
tempered C°° functions. We let be the sheaf of real analytic functions and T>x 
the sheaf of linear differential operators with coefficients in C^. Using a Koszul 
resolution of we have the standard isomorphism RHomp,-p^ (piC^, C^*) ~ fi^. 
In [U a functor RTHx{F) is defined (now denoted TTiom{F,Vhx)) and Proposi- 
tion 4.6 reads: 

RHom(i^, Cx) ^ RHomp^ {C%,Tnom{F, Vhx))- 

To replace distributions by C°° functions, we have an analog of T7iom{F,T>bx) 
for C°° functions, introduced in |6] and [71. By f6l. Theorem 10.5, we have the 
comparison isomorphism 

RHoiav^iC^,TnoTn{F,C]^)) ~ Rnomv^iC'^,THom{F,Vbx)). 

Actually, in [6^ X is a complex manifold and the result is stated for the sheaf of 
anti-holomorphic functions instead of C^, but the proof also works in our case. Fol- 
lowing [7^, Proposition 7.2.6 or [1^, Proposition 3.3.5, we may express the functor 
THom using the analytic site: THom(F,Cf ) ~ p-^ KHoTa{p^F,C^*). 
Putting these isomorphisms together we obtain p^ : 

RHom(p,F, n^x) - RHom(p,F, RT^onip,!,^ (p,C^, C^*)) 
~ RHomp,p^ (p,C^,RHom(p*F,Cf *)) 
~ RHomx,^., (C^ , T Hom(F, Vbx)) 
~ RHom(F,Cjf), 

where we have used adjunction morphisms between 0, Tiom and p\,p~^. □ 

The integration of forms also makes sense in the tempered case: we let / : X -^Y 
be a submersion with fibers of dimension d, V G Y a constructible open subset and 
we consider a form uj £ T{f~^{V); fl*^'^'^ orx\Y) such that the closure (in X) of 
suppw is compact. Then JjU G T{V; f2y'). We deduce the morphism of complexes 

(14) ( : fn{n'x®u;'x\Y)^^Y■ 
Its image in D^(Cy^^) coincides with the morphism int/ of (fTT|) . 

5. Resolution 

In this section we consider real analytic manifolds and sheaves on their associated 
subanalytic sites. 



12 



STEPHANE GUILLERMOU 



Definition 5.1. For a real manifold X we introduce the notations, X — X x R, 
ix ■ X X , X {x, 0) and X+ = X x R>o- We consider the tempered de Rham 
algebra on the site Xsa, 

n%^Q^n*:° ^ > 17*-^+^ ^ 0, 

XX X 

and we define a sheaf of anti-commutative dg-algebras on Xsa'- ■Ax = x+ (^j^)- 

We denote by tx,i : X X and tx.2 : X ^ J\, the projections, and by t the 
coordinate on R. This gives a canonical element dt G A\. The decomposition 
X = X X R induces a decomposition of the differential d = c?i + c?2 in anti- 
commuting differentials, where we set d2{'-o) = {duj/dt)dt. 

The algebra Ax comes with natural morphisms related to inverse image and 
direct image by a smooth map. Let f : X Y he a morphism of manifolds. It 
induces / = / x id and /+ in the following diagram, whose squares are Cartesian: 

x^x^ — 'x+ 



Y ^ Y ^ ^Y+ 



We note that X'^ = f ^(Y^) and this gives a morphism of functors / "'^ry+ 
Tx+f~^- Thus we obtain a morphism of dg-algebras: 

Definition 5.2. We denote by : /"My Ax the image of the above morphism 
by the restriction functor . It is a morphism of dg-algebras. 

Now we assume that / is smooth. Hence / is also smooth and we have the 
integration morphism ((T4)) Jj: f\\{fl*'^'^uj'-^^Y) ~* ^5>- We apply the functor iy^ry+ 
to this morphism. We note the base change isomorphism f\\ix^ — iy^ f\\ and the 
morphism /!!rx+ Ty+fw- They give the sequence of morphisms: 

fu{Ax u:'x\y) = fnix'T^x+i^'x ® ^i?|y) " 'Y'h^x+ {^^ ® ^^|y) 
(15) ^ 

^ iy^Ty+fvXn'^ (g, to'^^^) ^ t-^Ty+n'^ ^ Ay 



Definition 5.3. For a smooth map /: X Y, we call morphism p5|) the integra- 
tion morphism and denote it : f\\{Ax ® '^'x\y) ~* 

The main result of this section is the following theorem. It is proved in the 
remaining part of the section: the quasi-injectivity of the A^x proved in Propo- 
sition [512] and the fact that Ax is a resolution is Corollarv l5.12l 

Theorem 5.4. Let X be a real analytic manifold. The sheaf of dg-algebras Ax is 
a quasi- injective resolution of Cx^a ■ 

Remark 5.5. By this theorem we have f\\{Ax ® '^'x\y) — ^f^-''X'^x\Y)- Hence 
the morphism of Definition 15.31 induces a morphism in the derived category 
Rf\\LOx\y ~* ^Ysa- It coincides with the usual integration morphism int/ of (|lip 
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because this holds for the dc Rham complex (morphism (|14|) applied to /), and we 
have the commutative diagram: 

Rf\\^X\Y ^ Rfwii^R^X + ^x^y) ^ iY^RTY+Rf\\UJx\Y 

int/ 

For the proof of the theorem we need some lemmas on tempered functions. We 
refer to [3] for results on subanalytic sets. We recall that a function is subanalytic 
if its graph is a subanalytic set. We introduce the following notation, for U C X 
an open subset, and ip: U ^ R a positive continuous function on U: 

= {{x, t)eX; xeU, \t\ < ^{x)}, u+ ^U^n x+. 

Lemma 5.6. Let U <Z X be a subanalytic open subset and V d X be a subanalytic 
open neighborhood of U in X . Then there exists a subanalytic continuous function 
Lp defined on U such that tp — on the boundary of U and C V . 

Proof We set V = V n {U X R) , Z = X \ V' and let ip be the distance function to 
Z: (p{x) = d{x,Z). By [3J, Remark 3.11, this is a subanalytic function on X and 
its restriction to U satisfies the required property. □ 

The following result is similar to a division property for flat C°° functions, which 
can be found for example in [12 , Lemma V.2.4. 

Lemma 5.7. Let U (Z X be a subanalytic open subset and tp: J7 — > R a subanalytic 
continuous function on U , such that ip = Q on the boundary of U and ip > on U . 
Then there exists a C°° function ip: U ^Ti such that 

(i) WxeU,0< tp{x) < ip{x), 

(ii) Ip and l/ip are tempered. 

Proof. We first note that it is enough to find a ip such that ip is tempered, < ip < ip 
and l/ip has polynomial growth along dU. We may also work locally: assuming 
the result is true on local charts, we choose 

• locally finite coverings of X by subanalytic open subsets, {Ui), {Vi), together 
with a partition of unity /i^ : X — > R such that Ui C Vi, < fii, ^ = 1, 
/ii = 1 on Ui and fii — on a neighborhood oi X \Vi, 

• C°° functions ipi: U ClVi ^ R such that < ipi < ip on U Cl Vi, ipi is 
tempered and l/ipi has polynomial growth along d{U Cl Vi) 

and we set ip = '^ifJ-iijJi. Then ijj satisfies the conclusion of the lemma. Indeed, 
each fj^iipi is defined and tempered on U, and so is ip since the sum is locally finite, 
and, for x G dU, i such that x £ Ui, l/ip < \/ipi has polynomial growth at x. 

Hence we assume X = R" and U is bounded. By [T^, Lemma IV. 3. 3, there 
exist constants Ck, k G N", such that, for any compact K C R" and any e > 0, 
there exists a C°° function a on R" such that 

0<a<l, a{x) ^Qiid{x,K)>e, = 1 if x £ if, 

VfceN", \D''a\ <Cke-^''l 
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(The function a is the convolution of the characteristic function of {x; d{x, K) < 
e/2} with a suitable test function.) 

We set Ki = {x & U]2~^~^ < d{x,dU) < 2~*} and we let at be the function 
associated to K = Ki and e = 2~'~^ by the above result. In particular ai = 1 on 
Ki, suppQ!i C Si, where we set Si — Ki^i U KiU i^i+i, and \D''ai\ < (7^2**^, for 
some C[. e R. This implies: Vx £ U, \D''ai{x)\ < C'^d(x,dU)^^ , for some other 
constants C'^ £ R. 

Lojasiewicz's inequality gives, for x £ [/, cd{x,dUY < (p{x) < c'd{x,dUY , for 
some constants c, r, c' , r' > (see [3], Theorem 6.4). We set Ai = inm{(p{x); x G Si}. 
We note that for x,x' e Si, we have 1/8 < d{x , dU) / d{x' , dU) < 8. Hence, for 
X e S^, we have Cd{x,dUY < X^ < C'd{x,dUy' , for some C,C' > 0. Since 
suppai C Si, we also have Vi, A^a^ < tp. 

We note that a.n x & U belongs to at most three sets Si and we define ip = 
(1/3) XiUi. The above inequalities give, for a; e ?7, < ip{x) < ip{x) and 

|£'V(a;)| <C'i^C' dix,dUY'-\ -I- <3C-^d{x,dUr'', 

so that ip and l/ip are tempered. □ 

Lemma 5.8. Let U C X and ip: U ^ R be as in Lemma \5. 7| There ex- 
ist another subanalytic continuous function ip' : U H and a tempered fuction 
a e T{X^ ;C'^'*) such that Vx £ C/, < ^p'ix) < ip(x) and 



V(a;, t) eX+ < a{x, t) <1, a{x, t) 



1 forix,t)eU+, 
for{x,t)^U+. 



Proof. We choose a C°° function tp: U -^]0, +oo[ satisfying the conclusion of Lem- 
ma [SII] and another C°° function /i: R ^ R such that Vi G R, < h{t) < 1, 
h{t) = 1 for i < 1/2 and h{t) = for t > 1. We define our function a on X+ by 

a(x,t) = { 

|0 iix(^U. 

We first see that a is C°°. This is clear except at points (xq, io) with xq G dU . For 
such a point, by continuity of v?, we may find a neighborhood V of xq in X such 
that Vx £ y, (/j(x) < to/2. Thus, on the neighborhood Fx]to/2; +oo[ of (xo,io), a 
is identically 0, and certainly C°° . 

Let us check that a is tempered. We only have to check growth conditions at 
points (x,0) e dX^ . We note that d{{x,t),dX^) = t so that we have to bound 
the D''a{x,t) by powers of t. Since D'^a — outside C/+, we assume {x,t) G C/+. 
The D^'a are polynomial expressions in t, the derivatives of h and the derivatives 
of 1/ip- The derivatives of /i to a given order are bounded, hence it just remains 
to bound D^{l/ip){x), with (x,t) e by a power of Since l/'0 is tempered 
D\1/^){x) has a bound of the type C d{x,dU)^^ . By Lojasiewicz's inequality 
we have ip{x) < C'd{x,dUY and, since {x,t) S [/+, we have t < ^p{x). Hence 
D'{l/^){x) < C"^-^/^ for some C" > 0, which is the desired bound. 

By definition a = 1 on U^^^ and a = outside . Hence we just have to find 
a subanalytic continuous function ip' such that ip' < tp/2. Since l/ip is tempered, 
there exist constants D,M such that ip~^{x) < Dd{x,dU)~^^ , and we may take 
^'{x) = ^d{x,dU)^'. ^ □ 
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Proposition 5.9. Let F be a C'^'* -module and set G — i^Tx+F. Let U C X be 
a subanalytic open subset. 

Then the natural map T{X^; F) —>■ T{U; G) is surjective. In particular, the sheaf 
G is quasi- in jective. 

Proof. We consider s G V{U ;G). As in the case of slieaves on manifolds we liave, 
for H e Mod(Cj^^J and U C X, T{U;ix^H) ~ \im^r{V;H) wliere V runs over 

the subanalytic open subsets of X containing U. Hence, by Lemma 15.61 we may 
represent s by a section s G T{U^; F), for some subanalytic continuous function (p 
defined on U such that ip = on the boundary of U. 

We apply Lemma [5.81 to the function (p/2: U R and obtain (p' : f/ ^ R and 
a e r(X+;C|''*) such that < ip' < ip/2, a = 1 on U+, and a = outside U;^^^. 
We set s — as. Then s £ r(C/+;F) extends by to a section s G r(X+;F) and 
we have s\^+ = so that s also represents s. This shows the surjectivity of 

T{X+;F) -^r{U;G). □ 

We have the following resolution of C^'* as an ^x-niodule. Let Ix be the ideal 
of Ax generated by Q*x C A\. In local coordinates (xi, . . . ,Xn,t), Ix consists 
of the forms involving one of the dxi and we obtain the isomorphism Ax /Ix — 
A^ d/dt^ ^ where the differential is given by f(x,t) ^ ^(x,t). The 
following result implies that the complex Ax/Ix is a resolution of C^'*. 

Corollary 5.10. For any subanalytic open set U C X we have the exact sequence: 

^ r(C/; C^^') ^ r{U; A'k) ^ T{U; A°x) - 0. 
Proof. The less obvious point is the surjectivity. We have the restriction maps 

T{U X R; C|^*) ^ r{U X R; '*) 



nU; AS,) '-^ nU; A^x) 



The vertical arrows are surjective by Proposition 15.91 Siiid so is the top horizontal 
arrow: we integrate with respect to t with starting points on X x {1}, which insures 
that the resulting function is tempered. □ 

Corollary 5.11. For any subanalytic open set U C X, the sheaf Cx'^ is acyclic 
with respect to the functor Tu . 

Proof We have to prove that i?Tc/(C^'*) = for i > 0. By Proposition EH y^*;^ 

is quasi- injective and we may use the resolution Cx'* A'j, > A'^ to compute 

R'TuiCx')- We are thus reduced to proving the surjectivity of the morphism 
d/dt: Tu{A°x) ^ ^uiA°x). This follows from Corollary ETU] since TuiA°x)lv) = 

T{u nv-^A'j,). □ 

Corollary 5.12. The sheaf of dg-algebras Ax is quasi-isomorphic to Cx^^, i-e. 
we have the exact sequence: 

^ Cx^^ -^A'^x^Ac^ ' -^"x^ ^ 0- 
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Proof. By Lemma l47fl we have the exact sequence on X: 

(16) o^Cy ->i]*-L°^ >n'~''+^^o. 

By the previous corollary the sheaves fi*- are rjf+ -acyclic. The constant sheaf 
Cj^ also is rjf+-acyclic because RVx+iC^ ) — C^pr (recall that commutes 
with RTx+)- Hence we still have an exact sequence when we apply Tx+ to p6)) . 
and applying the exact functor gives the corollary. □ 

6. ^-MODULES 

For a real analytic manifold X, we denote by Mod(^x) the category of sheaves 
of hounded below dg-^x-modules on X^a- We have an obvious forgetful functor and 
its composition with the localization: 

(17) Forx: Mod(^x) ^ G+{CxJ, For^^ : Mod(^x) ^ D+(Cx.J. 

We will usually write F instead of Forx(-F') or For^(F) when the context is clear. 
We still write For^, For^ for the compositions of these forgetful functors with the 
exact functor : C(Cx,J ^ C{l{Cx))- 

In this section we define operations on Mod(^x) and check usual formulas in 
this framework, as well as some compatibility with the corresponding operations in 
C(Cx^„) or D(Cxs„) (hence also in C(I(Cx)) or D(I(Cx)), because Ir commutes 
with the standard operations). 

6.1. Tensor product. For M,M £ Mod(^x), the tensor product M ®Ax ^ ^ 
Mod(.4x) is defined as usual by taking the tensor product of the underlying sheaves 
of graded modules over the underlying sheaf of graded algebras and defining the 
differential by d{m ® n) — dm ® n ~\- {—l)'^°^™m (S) dn (for m homogeneous). We 
have an exact sequence in C^(Cxs„): 

(18) M®Ax®M^M®M^M®Ak-^^^^ 

where (5(to ® a® n) = (— l)'^''sadogm^j^ (j^ n — m ® an, for homogeneous o, m, n. 

For two real analytic manifolds X,Y and M. G Mod(^x), A/" G Mod(^y), we 
denote by M the external tensor product in the category of ^-modules: 

Mmf ^ AxxY ®(AxmAY) {MMM). 

6.2. Inverse image and direct image. Let /: X he a. morphism of real an- 
alytic manifolds. Recall the morphism of dg-algebras /" : f^^Ay Ax introduced 
in Definition 15.21 

Definition 6.1. For TV G Mod(^Y) we define its inverse image in Mod(^x): 

By adjunction /" gives a morphism Ay — ^ f*Ax- Hence, for M G Mod(^x), f*M 
has a natural structure of dg-^y-module, as well as f\\M, through the natural 
morphism f^,Ax <^ fwM ^ fniAx ® M) fwM. 

We have a natural morphism f^^N f*M in C(Cx3„) (with the notations 
of Remark [T7l it could be written more exactly /~^(Fory A/") — > Forx f*M). We 
show in Proposition 16.31 that it is a quasi-isomorphism when / is smooth. We first 
consider a particular case. 
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Lemma 6.2. We set X — R'™+^, Y = R™ and we let f : X Y be the projection. 
We consider coordinates [yi, . . . , ym, u) on X . For M G Mod(^y) we have an exact 
sequence in Mod(Cx„„)- 

where d is defined by d{a ® n) ~ ^ ® n, for a G A^, n G JV. 

Proof. We have the exact sequence f^^Ay —>■ Ax —>■ Ax — > 0, where d{a) = 
^ . The tensor product with f~'^Af gives the exactness of the sequence of the lemma 
except at the first term. It just remains to check that l : f^^Af Ax®f-iA^ f~^-^i 
n !—>■ 1 (g) n, is injective. 

We consider a section n G r{U; f~^Af) such that — 0. This means that 
there exist a locally finite covering U = Uie/ Ui and sections, setting Vi = f{Ui), 

n^,n,j G T{V,-M). ay e r([/,;^^), 6,, G T{V,-Al^), 

such that for each i d I, n\ir. — f*ni, j runs over a finite set Ji, and we have the 
identity in T{Uf,A°x) ® r(V-; A/"): 

(19) 1 ® rii = ^ {aijihj o /) <8) - fly (g) b^jn^j). 

We may as well assume that the Ui are compact. We show in this case that Ui = 0, 
which will prove n = 0, hence the injectivity of t. 

By Proposition 15.91 we may represent the Oy, bij by tempered C°° functions 
defined on X+, y+. We choose continuous subanalytic functions (fi: Ui R, 

> on C/j, such that the identities (HH) hold in r(t/+ ;C^'*) ® r(l/j;A/'). 

We apply Lemma [5?8l to the function (pi/2: Ui ~> H and obtain (/^'^ : [/^ ^ R and 
Ui G r(X+;C|''*) such that < ip'i < ipj2, < a, < 1, a, = 1 in and = 
outside ^2 • Multiplying both sides of by we obtain identities which now 
hold on r(X+;C|''*) r(yj;7V). These identities imply: 

a^(Sn^ = in r(X+; C|''*) ®r(y+;C^-') r(V"«; A/"). 

We note that ai has compact support and we set Pi = J aidu. We have Pi G 
r(y+;Cp'*) and the last identity gives ^n, = 0. Now T{Vi]M) is a r(F,;^?,)- 
module and to conclude that = it just remains to prove that is invertible 
inr(F,;^^). 

Since Pi is a tempered C°° function on it is enough to check that P^^ has 
polynomial growth along the boundary of Wi = f{U^, ). We set Zi = X+ \ U^, and 
for {x,t) G X+, di{x,t) — d{{x,t),dZi). We obtain the bound, for {y,t) G W^: 

Pi{y,t) > 1 ■ du > 2 max di{y,u,t) 

J;7+ n({(y,t)}xR) ^<^'^ 

The function mi{y, t) = max„gR w, i) is subanalytic since the max can be taken 
for u running on a compact set. We have mi{y,t) > for {y,t) G Wi. Hence, by 
Lojasiewicz's inequality we have mi{y, t) > C'd{{y, t), dWi)~^ for some C", A^' G R 
and it follows that Pf^ has polynomial growth along dWi. □ 
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Proposition 6.3. Let f : X ^ Y be a smooth morphism and Af £ Mod(y^Y). 

(i) The morphism in C(Cxs„), f^^M — > f*Af , is a quasi-isomorphism. 

(ii) If M is locally free as an Ay-module, then f*N' is locally free as an A'x- 
module. 

(Hi) If M is flat over and we have an exact sequence in Mod(^Y), 
M" M' ^ M ^ 0, then the sequence / W ^ f*M' f*J\f ^ is exact. 

Proof. The statements are local on X, so that, up to restriction to open subsets, 
we may assume X = Y y. R" and / is the projection. Then we factorize / as a 
composition of projections with fiber dimension 1, so that we may even assume 
X = y X R (and X = F x R x R). We take coordinates {yi, . . . ,ym,u,t) on X (u 
is the coordinate in the fiber of /). 

With this decomposition of X we define the ^^fniodule Avert = A^ ® A%du. 
This is a sub-^^f-algebra of Ax (not a sub-dg-algebra); f^^Ay is another sub- 
algebra and the multiplication. Avert ®/-i>t^ f~^^Y ^ Ax, is an isomorphism 
of ^^-algebras. This shows that we have an isomorphism of ^^-modules, for any 
dg- .Ay-module A/"': 

(20) Avert ^f-^AO. Z^'AA' ^ /W. 

Since Avert is free over Ax, this implies (ii). To check that the sequence in (iii) 
is exact, we consider it as a sequence of -modules. Since A/" is flat over Ay, 
isomorphism ([^0]) gives the exactness. 

Now we prove (i). By (PO)) again, /*A/' is identified with the total complex of the 
double complex with two rows: 



(21) 



where <(a ® n) = ^®n, d]^\a ® n) ^ ® dyu ■ n + ^ ® dt ■ n and 

d^'* = —d]^^. By Lemma [6.21 the z*'* column is a resolution of f~^Af'^ . The induced 
differential on the cohomology of the columns is easily seen to be the differential of 
/^W and (i) follows. □ 

Lemma 6.4. Any sheaf of AP^-'^odule is soft in the sense of Definition \4.I\ 

Proof. Let U and Z be respectively open and closed subanalytic subsets of X. 
Let F be an A^-module and s S T{U;Fz). We may assume s £ r{W;F) for 
a subanalytic open set W with {U H Z) C W C U . We choose two subanalytic 
open sets Wi,W2 such that (U n Z) C Wi cW^ C W2 ClW^ C W. Since A°x is 
quasi-injective we may find a € T{X;A'x) such that a = 1 on Wi and a = on 
X\W^. Then as £ r{W; F) extends by on J7 and as = s in T{U; Fz). It follows 
that r(C/; F) T{U; Fz) is surjective, as required. □ 

Proposition 6.5. Let f: X ^ Y be a morphism of real analytic manifolds. For 
any M £ Mod{Ax), For(7V() £ (Cx^a) acyclic with respect to /, and fn. In 
particular we have isomorphisms in D"'"(Cy^^), For'(/*(A^)) ~ i?/*(For'(A^)) and 
For'(/n(X)) ~ i?/n(For'(7W)). 
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Proof. This follows from Lemma [6.41 and Corollary [431 D 
6.3. Projection formula. 

Lemma 6.6. Let f : X ^ Y be a morphism of analytic manifolds, M. G yioA{Ax), 
N e Mod(^y). There exists a natural isomorphism in Mod(^y); 

M®A^ fv.M ^ f,\{f*M®A. M), 
whose image in G'^{Yga) gives a commutative diagram: 

\ \ 

M®fuM — =^ /!.(/- W®A^), 
where the bottom arrow is the usual projection formula. 

Proof. Using ^8]) and f*M ®Ax — f^^^ ® f-^Av have the commutative 

diagram (extending the diagram of the lemma): 



b 



The top row of this diagram is exact by definition of the tensor product, as well 
as the bottom row, before we take the image by /n. But any complex of the type 
V ® M is an ^'^-module, because M is; hence it is /n-acyclic by Lemma and 
Corollary 14.51 It follows that the bottom row is exact. Now, the vertical arrows a 
and h are isomorphisms in view of the classical projection formula. Hence so is the 
morphism of the lemma. □ 

6.4. Base change. We consider a Cartesian square of real analytic manifolds 

/' 



X'- 



X 



Y' 



Y. 



We have the usual base change formula in Mod(Cy/ ) or C+(Cy' ), / ^g\\ ~ g'„ f' ^ 
(and its derived version in D+(Cy/ ), f^^Rgu ~ Rg'„f'^^). 

Lemma 6.7. Let N a dg-Av -module. There exists a natural morphism 
(22) f*gnN ^ g[J'*N 

of dg- Ax -modules, whose image in the category of complexes C^{Xsa) gives a com- 
mutative diagram: 



^9'uf'*M 

\ 



f-^9v.M- 

where the bottom arrow is the usual base change isomorphism. 

Moreover, if f is an immersion and g is smooth, then (|22p is an isomorphism. 
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Proof. The morphism is defined by the following composition: 

where the first isomorphism uses the classical base change formula (for complexes) , 
and the second one the classical projection formula. Morphism is induced by g'". 

Now we show that (p is an isomorphism when / is an immersion and g is smooth. 
It is enough to show that 

(23) g'-^Ax f-^A^ /'"'AA ~ Ax- ®f'-^A^, ./'"W. 

This is a local statement on X' so that we may as well assume that / is an embedding 
and X' — X X Z , Y' = Y X Z for some manifold Z. We may also assume that X 
is given by equations = 0, i = 1 . . . , c? in y. Then Ax is the quotient of f^^Ay 
by the ideal generated by i/i, dyi, i — 1 . . . ,d. The same holds for X' and we have 
the presentations: 

^,-l(^^,)2. fe^^^ r\AY') - Ax' - 0. 

Since the tensor product is right exact, the images of these exact sequences by 
g'~^{-) (Sig'-if-iAv f'~^^ (■) ®f'-^Ay, /' "^-^ give the same presentations of 
both sides of ((23)) . which shows that they are isomorphic. □ 



6.5. Complex manifolds. Now we assume that X is a complex analytic manifold, 
of dimension d^f over C; we denote by X the complex conjugate manifold and Xr 
the underlying real analytic manifold. We recall that t is the coordinate on 
given by the projection TXf^^2- ^ R-i and that we have the decomposition 
d = di +^2 of the differential of Axr (^^2(1^) = dw/dtdt). We consider the complex 

^x 

complex with tempered coefficients: 



of "tempered holomorphic functions", € T)^{Cxsa)^ defined as the Dolbeault 



(24) 0^=R7^om,,p^(p,Oy,C^*) ^ 175,°/ ^ ^ • • • ^ 

where ^^x^ denotes as usual the forms of type (i, j). The product of forms induces 
a morphism (g) ^ in D''(Cx,J- In degree 0, H°{0*x) is a subalgebra 
of p^Ox- 

Definition 6.8. We let Vl*^ = C°^t* , be the sub-C2i*-module of n*^^ 

Xu. Xr ^R.l^ Xr, Xu. 

generated by the forms of type coming from Xr. 

We define A^y = Ty+^-~^ ■ This is a sub-^ ^ -module of A''^'' and we have 

Xu, Xu. X^ x^ Xr Ar 

the decomposition Ax^ = ®i+j=k ^Xr ® ®i+j=fe-i -^Xr'^^- The operators d,d 
on ^Xr induce a decomposition of the differential of Axr , d — d + 8 + d2. 

We let Jx < Axr be the differential ideal generated by ^Xr ^^^"^ introduce the 
dg-y^jfp^-module Ox = Axr/Jx- As a quotient by a differential ideal. Ox inherits 
a structure of dg-algebra. We note the obvious inclusions p\Ox C piC^'* C A'xj^ 
and we define, for two complex analytic manifolds, X, Y: 

= Ox ® p, Ox P! 0^-,«l. = Ox X r Ox X V P! Ox X F : 
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where O^' denotes the holomorphic i-forms on X and ©xxy = Oxxy ®(Ox^Oy) 
Proposition 6.9. (i) We have an isomorphism of complexes between Ox and 

with differential d + d2. 

(ii) 0^-^-^\—d'^] is isomorphic to the differential ideal of Axt^^ 

Moreover we have a decomposition Axu. — Ojf^ [~rf5f]®-^^ in free AP^^-modules. 

(Hi) There exist a natural isomorphism Ox — '^x, in D^(C(XR)sa)i which com- 
mutes with the products Ox <S> Ox — * Ox and Ox ® Ox ^ Ox • We also have 
of^^^^O^i'^l., ^nB>'iC^x^,y^u)■ 

Proof, (i), (ii) The decomposition of Ax^ given in Definition 16.81 yields projections 
Axj^ — * -^Xr ® A^'^^dt. The sum of these projections is a sm^jective morphism 
from ^Xr, to the complex of the proposition and we see that its kernel is Jx- 
Assertion (ii) follows from (i). 

(iii) We use the isomorphism Ox — ^ ^Xr° • • • il*^^^ ^ 0. The exact 
sequences 

-> n'^^ ^ A^^ .^(a./at)at^ ^o,^^^ _^ 

combine into an isomorphism between Ox and the complex given in (i). This proves 
the first isomorphism. The second one follows from the first and the definitions. □ 

For a morphism of complex analytic manifolds / : X ^ Y , we have an integration 
morphism in the derived category Rf]Ox^\dx] Oy^^dy] and its tempered 
version Rfv.O*Jf''\d''x] O^'^^'M^]. By adjunction between Rfn and /' we obtain 

0'x''\d''x] ^ /'O^^'^^M^]. 

When / is a submersion we have /' ~ f^^[2{dx ~ dy)] (note that the manifolds 
are complex, hence oriented) and our last morphism becomes: 

(25) 0'f''\-dW ^ /-lO^'^^'hd^]. 

Proposition 6.10. For a submersion of complex analytic manifolds f: X ^ Y, 
the embeddings, for Z = X,Y , <0)'^^\~d'^^] C Az^ of Provosition 1 6. 9\ (ii) induce a 
morphism of dg-Ax^i -modules 

(26) Qf-\~d'^x\^ r^f^'h-dl-], 

which represents (|25p through the isomorphism of Provosition [KVl (iii). 

Proof. By Proposition 16.91 we have a decomposition Ay^ — Oy^^—dy] © My 
in free .Ay^-modules; hence the quotient Ay^/OY^^—dy] is free over Ay^ and 
Proposition 16.31 imphes that the morphism /*Oy [— c?y] f*Ay^ ~ -^Xr is 
injective. Hence we just have to check the inclusion of ideals of ^Xr: '^x^^i^'^x] ^ 
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This is a local problem on X and we may assume X = Y xZ. As an A\^-Tiiod\x\e, 
decomposes into summands A'^f'^ and A'^f'^dt. Now any form of type 
(d'^ji) on X = y X Z is a sum of products of forms of types {dyjj) and (rf^, k), with 
j + k = i. In particular O^^'V'^jf] is in the image of {Axu. ® f^^o'^y'^^-d'^]) 
Ax^. □ 

Corollary 6.11. With the hypothesis of Provosition W. 1 (A the integration morphism 
of Definition \5.3\ induces a morphism of dg-Ay^-fnodules 

(27) fMf-\d^x]^nf-\d'^], 

which represents the integration morphism Rf\\0''^^\d'j^] — ^ Oy'*^''[dy]. 

Proof. Morphism (|26p . the projection formula and the integration morphism give: 



"if^hd'y] ®A^^hAxA2{d%,-d^Y)] 



^ Qf^^dl-]. 

We define (j27p as the composition of these arrows. The integration morphism for 
is also defined by integration of forms using the Dolbeault complex. It is 
nothing but the restriction of the integration morphism for Ax^ to a subcomplex, 
so that it coincides with ([77]) . □ 

In section [10] we need the following composition of kernels. Let X, F, Z be three 
complex analytic manifolds and qij the projection from their product to the i^^ xf^ 
factors. The product of Oy and the integration morphism give a convolution prod- 
uct: Rqi3\{q^^O%i\}[d'i^] «) g23^0yxFMz]) ^ ^xxl^Ml]- We can also define 
a tempered version of this convolution, and in fact we can even realize this tem- 
pered convolution product at the level of complexes, using the above sheaf 'O'^xy.^- 
As in Proposition I6.10[ we rather define its "adjoint" morphism as the following 
composition: 

91*20^",^^ [-d\.] ®A 9230y xF [-d%] - [-dV d%] 

where the first morphism is induced by the product Oy ® Oy ®p,OY P'.Oy^^ — > 
Oy ®p^Oy P'.Oy"^^ and the second morphism is induced by morphism (|26p . 

7. MiCROLOCALIZATION FUNCTOR 

In this section we recall the definition of the microlocalization functor fi in- 
troduced in [Hj. For a manifold X this is a functor, fix, from 'D''{I{Cx)) to 
D''(I(Ct.x)) given by a kernel Lx G D^(I(CxxT.x)). 

We define analogs of this kernel and of the microlocalization functor in the 
framework of .A-modules. We check that, in the case we are interested in, this 
gives a resolution of pxF, and that it has a functorial behavior with respect to the 
usual operations. 

In fact, with the definition of [9], the construction of the external tensor product 
is not so straightforward. For this reason we define another kernel for which the 
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tensor product is easy and which coincides with the kernel of |9j outside the zero 
section. 

7.1. Microlocalization functor in the derived category. In [S] the authors 
define a kernel associated to the following data: let X be a manifold, Z C X a 
closed submanifold and a a 1-form defined on Z, i.e. cr is a section of the bundle 
Z Xx T* X Z. To simplify the exposition, wc make the following assumption 
which will be satisfied in our case: 

(29) Vz € Z, vanishes on T^Z. 

Hence a induces a section oi Z Xx T^X Z and we may define: 

P,^{{x,v) eTzX- {v,<j{x)) >0}. 

Hence is a subset of TzX, viewed itself as a subset of the normal deformation 
of Z in X, Xz- We recall that Xz and the projection p: Xz X are given in 
local coordinates as follows. We choose coordinates (xi, . . . ,a;„) on X such that 
Z is given hy Xi = 0, i = l,...,c?. This gives coordinates {xi,T) on Xz and 
p{xi,T) — (txi, . . . , TXd, Xd+1, . . . , Xn)- The normal bundle TzX is embedded in 
Xz as the submanifold {r = 0} and we define fl = {t > 0}. 

Pa^ ^ TzX^ ^ Xz 

p 

Z'^ ^X 

We will often restrict ourself outside the zero set of a and we set = {z G Z; 
vanishes on T^X}. 

Definition 7.1. Under hypothesis (|^^ . the kernel associated to these data is the 
object of D*(I(Cx)) (recall that, for i: Z '-^ X, we write u!z\x instead of i*ojz\x)'- 

= CAZ,X) = RpuiPxJCp,) ® %) ® /3x(wf|^'). 
We recall that Pj^^{Cp^) = "lim''^Cp^7, W running over the open neighbor- 
hoods of Po- in Xz- Since "lim" commutes with ® we obtain 

=Rpn{ " lim " C^njj) ® I3x {uj®-^ ) , W open in Xz, Pa C W. 
w 

We also notice that Rp\\{(3^^{Cp^) ® C-^ is supported on Z (i.e. its restriction 
outside Z is 0). Hence taking the tensor product with Px{'-j-!^~x) reduces locally to 
a shift by the codimension of Z . 

In Proposition 1.2.11 of [9] we also have a description of C^r outside the zero set 

of cr, Ta-. 

(30) i?pn(/3^JCpJ ® Cj^)\x\T„ ^ i?pn(/3^JCpJ ® Co)|x\T„ ^ "1™" , 

u 

where U runs over the open subsets of X \ such that the cone of U along Z\T„ 
doesn't intersect P„ outside the zero section. In particular the complexes in ([50)1 
are concentrated in degree 0: 

(31) Rpu{p^^{Cp^)®C^)\x\T^ ~pn(/3^JCpJ®C^)U\r„. 

When considering resolutions of Ca by ^-modules, it will be convenient to use the 
following different formulation, which is equivalent outside the zero set of cr. First, 
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using the embedding of categories Ir : Mod(Cx^„) — J-R-ciCx) l{Cx) we have 
Ca ^ Ir(/:r): where C'^"" e D''(Cx,J is given by 

(32) CT = Rpv.iPxJCp^) ® C^) px-Ki^^) 

(33) ~ i?pn(i?ro(p;f^,(CpJ)) px.(a;||^'), 

where the second isomorphism follows from ([5]) and C-^ ~ R7iom(Co, C^^). 

Definition 7.2. For a real analytic manifold F and T C Y a. locally closed analytic 
subset we introduce the notation Kt = pyiCTpCg) Ihn^ ^y\W^ where W runs over 
the open neighborhoods of T in Y. We note that Kt has support in the boundary 
T\T. 

We let P° be the relative interior of Pa, i.e. P° = {{x, v) G TzX; {v, cr(a;)) > 0} 
and we define C° G D^(Cx,J by: 

Z:^ = RpniRTnKpo) ® px!(c^||^'). 

Lemma 7.3. We let {X, Z, a) be a kernel data satisfying hypothesis ([29|) and we 
assume that <j doesn't vanish. 

(i) We have RTnKpo ~ C-^(g) Kpo. 

(ii) The natural morphism Kpo p-^ ,(Cp^) induces an isomorphism CP^ — » Cf^ 
inV>\Gx^^- 

Proof, (i) By definition Kpa ~ lim^^j, C-j^^-^^tq, where W and W'^ run over the 
open neighborhoods of P^ and P^ in Xz- By formula ([H]) we may commute the 
limit with RS^i\ so that RT^Kpo ~ Ih^vkw ^^^^w\w° ' situation is locally 
isomorphic to Xz R", ^ ^ R"~^ x R>o and P^ ~ R"-^ x R>o x {0}. Hence, 
choosing for example 

W = {|a;„| < e, x„_i > -e}, 14^° = {|x„| < (p(xi, . . . ,x„_i)}, 

for £ > and subanalytic continuous functions ip on R"~^ x R>o, we may assume 
that our W, satisfy Rrn{Cy^) ~ Cy^^^-^ (and the same with instead of W) 
and this gives the desired isomorphism. 

(ii) We define F = Ihn^^ ^woj where runs over the open neighborhoods of 
P^ in Xz- Hence we have an exact sequence — > Kp^ p^^i(Cp^) F and 
it is enough to show that Rp\\{RrnF) — 0. 

As in (i) we have RTfiF ~ lhn(yo ^WoriU- deduce that RpuXRY^F) ~ 

lim^j, (7 ^P*^w°nnnu^ where runs on the same set as above and U runs over 

the open subsets of Xz with compact closure. Since commutes with we are 
reduced to a computation with sheaves on topological spaces. 

For X G X \ Z, X near Z, and U big enough, p~^{x) n W° n O n J7 is a union of 
intervals of the line, all of them compact except at most one which is homeomorphic 
to [0, 1[. When we take the limit over W'^ and U only the last one has a non- 
zero contribution in the morphisms C „w N„TT7or^onrr C _i, x^TTTTor^nr^rr/ . In the 
same way, for x ^ Z, since Po- C TzX is locally homeomorphic to a closed half 
plane, we may assume that p^^{x) n nfinU is homeomorphic to an half ball 
{|x| < l,xi > 0}. 

Since i?r(R; C[o^i[) — and RT{IV^^^ ; C[^x\<i,xi>o}) — 0, we deduce that our 
direct image vanishes. □ 
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Now for any manifold X, the cotangent bundle T*X is endowed with a canonical 
1-form, say ux- We set X = X x T*X and 3 = X Xx T*X ~ T*X and consider 
the section ax'- X Xx T*X T*X x T*{T*X) defined by ax ^ {-id,uJx), i-e. in 
local coordinates 

ax{x,x,^) = {{x; -£,),ujx{x,0) = {{x; {x,^;£.,0)). 
Hence hypothesis (|29p is satisfied for the data {X,5,ax)- 

Definition 7.4. With the above notations, we set Lx = Ccrx{5,X-) so that Lx € 
D''(I(CjfxT*x))- We denote by pi : X x T*X X, p2: X x T*X T*X the 
projections. The microlocalization is the functor 

Mjf : ^\l{Cx)) ^ D''(I(Ct.x)), F^LxoF = Rp^m{Lx ® P^'F). 

We note that ax doesn't vanish outside the zero section of T*X so that we can 
use £° ^ (3, X) instead of Lx when we consider fixFlx'X- 

7.2. Microlocalization functor for ^-modules. 

Definition 7.5. For a real analytic manifold Y and T C Y a locally closed subset 
we introduce the notation Bt = Ay ^Kt, where Kt is given in Definition [721 Let 
{X, Z, a) be a kernel data satisfying hypothesis (|29p . We define £^ e Mod(.4x) by 

£^ = C^iZ,X) ^ pn{Tn{Bpo)) ® pxiic^t^^'). 

Remark 7.6. For U C Xz a subanalytic open subset, a section of T^Bpa on U is 

given by the following data: open neighborhoods W of Pa and W''* of in Xz, 
and a section s S {ilHW CiU) such that s|nnWn(7 = 0- Actually the definition 

would require that s be defined on a neighborhood of W and that (supp s)r\W° — 0. 
But, up to shrinking W and W^, this amounts to the above statement. 

Lemma 7.7. The complex C'^ consists of quasi-injective sheaves of Cx^^ -vector 
spaces. We have a natural isomorphism £^ ~ in (Cx^^) ■ Hence, if a doesn't 
vanish, ^ in D+(I(Cx))- 

Proof We recall the definition C"^ = Rpu{RTnKpo) ® px\{uJz\x)- 

Since Aj^^ is a quasi-injective resolution of C^^-^^-^ , we have Bpo ~ Kpo in 
D+(Cx3„). The complex Bpo consists of ^^-niodules, hence soft sheaves. It follows 
from Corollary |4?5] that RTnBpo ~ TnBpo. This last complex also is formed by A^- 
modules, hence pn-acyclic sheaves, and we deduce the isomorphism of the lemma. 

Let us now check that T^Bpo consists of quasi-injective sheaves. Let U C Xz 
be a subanalytic open subset; a section of TnBpo on U is given by W, W^, s G 
A^j^ {^InW nU) as in Remark 17.61 The condition on s says that we may extend s 
to a section s' oi A\^ on (f7 n ly n C/) U with s'\wo = 0. By Proposition [CTl we 

may extend s' to Xz, and this gives the quasi- injectivity of TnBpo- Since p\\ sends 
quasi-injective sheaves to quasi-injective sheaves, we obtain the first assertion. 
The last assertion follows from Lemma [7751 □ 

Now we can define the microlocalization functor for ^-modules. We keep the 
notations introduced before Definition 17.41 for a manifold X we have the kernel 
data (X, 3,0-x)- 
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Definition 7.8. With the above notations, we set ~ £jf^(3,X) so that £ 
Mod(.4xxT'x)- The niicrolocahzation is the functor 

: Mod(^x) ^ ModiAT'x), F^LioF^ p2V.{Li pIF). 

For F E Mod{Ax) we have a natural morphisni in D+(I(Ct.x)): 

(34) ^ix {For'x {F)) ^ For'j.,x{pi{F)), 

defined by the composition of morphisms in the derived category (we don't write 
the functors For) on T*X: 

(35) pxF ~ Rp2n{L^ ®p^^F) ^ Rp2niLi pIF) ^ p2uiLi plF), 

where the first isomorphism is given by Lemma [7.71 the second morphism is given by 
the morphisms Pi^F — > p*F and (g) ®Ax i the third arrow is an isomorphism 
by Proposition 16.51 

Lemma 7.9. Let {X,Z,a) be a kernel data satisfying hypothesis (|29p and consider 
F E Mod(^x)- We assume that F is locally free as an A'x -module. Then: 

(i) C/^ ®Ax F is a complex of quasi-injective sheaves on Xsa- 

(ii) Let Tc, E Z be the zero set of a. The natural morphism, in C^(Cxg„\T„); 

C^(g>F^C^ (^Ax F 

is a quasi-isomorphism. 

Proof. The proof is similar to the proof of Proposition 16.31 Both statements are 
local on X. We choose coordinates (a;i, . . . , x^, zi, . . . , Zm) on X such that Z is given 
hy Xi = Q, i ^ 1, . . . ,d. This gives coordinates (x, z, r) on Xz such that p{x, z, r) = 
{tx, z). On il we take the coordinates (a;', z, r), where x' — tx, so that p{x' , z, r) = 
{x' ,z). With these coordinates we argue as in the proof of Proposition 16.31 to see 
that p\\T^(Bpo) ®Ax P is isomorphic to a complex 

G = puiTniB^o) (B TniB%o)dT) (g^o^, F, 

with a differential defined as in (PTjl . 

(i) Since F is locally free over A'^ and p\\rn{Bp ) is quasi-injective, by Lem- 
ma [7?7l G also is quasi-injective. 

(ii) We will see the exactness of the sequence: 

(36) ^ pu{Tn{Kpo)) A'jc ^ puTn{B%o) ^ puTniB^o) ^ 0. 

Thus G is quasi-isomorphic to p\\{TQ{Kpa)) F and this implies (ii) because we 
already know that C'^ is quasi-isomorphic to C^. 

Now we prove (|36p . We have the exact sequence on f2: Kpo ®p^^A% 

a 

Bpo Bpo ^ 0. Since ^"-modules are soft this gives (p6| if we prove that 
u: pniTniKpo))®ASi puTniKpo ®p"Mx) 

is an isomorphism. Let s be a section of p\\{Tn{Kpo)) ® A'x over some open set U. 
Up to shrinking U we may assume that s is of the form 1 (g) a where a E A'^{U) 
and 1 E C-^y^{il np~^{U)), for some open neighborhoods W and W'^ of and 

P^ in Xz- In the same way a section s' of p\\rn{Kpo ®p~^A'x) over U is given by 
1 (g) & with 6 G r ( (W' \ W'°) nnr\p-^{U);p~^ (^^ ) ) for some other neighborhoods 
of P^ and in Xz- 
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In the coordinates {x' , z, r) on Q we define i^: X ^ il, (x, z) i— + {x, z, e). Tlien 
i~'^{{W' \ W"^) n np^-^(C/)) is a neighborhood of Z in U for e small enough. The 
inverse to morphism u is then given by a = i* (6) . □ 

Proposition 7.10. We consider F e Mod(^x) cind we assume that it is locally 
free as an A\-niodule. Then: 

(i) ii-^{F) is a complex of quasi-injective sheaves on T*Xsa- 

(ii) The natural morphism (|34|) in D^(I(Ct*x)), I^x{F) — > fixiF), is an iso- 
morphism. 

Proof, (i) Since p2\\ sends quasi-injective sheaves to quasi-injective sheaves, it is 
enough to prove that L-^ (g)^^. plF is quasi-injective. By Proposition 16.31 v^F is 
locally free over A'^ and we conclude by Lemma 17.91 (i) . 

(ii) We have to prove that the second arrow in (j35p is an isomorphism over 
X\{X X T^X). By Proposition O again, p^^F ^ plF in D+(I(C^)), and we 
conclude bv Lemma l7.9l fii). □ 



8. FUNCTORIAL BEHAVIOR OF THE KERNEL 

We will use the functorial properties of given in Propositions 1.3.1, 1.3.3 
and 1.3.4 of [S], and recalled in Proposition 18.21 below. In fact we state these 
properties on the site Xsa, using the kernel £jj £ Mod(Cx3„), and our formulas are 
equivalent to those of [9J when a doesn't vanish, by Lemma [7.31 We give slightly 
different proofs than in [9J so that we can translate them easily in the framework of 
.A- modules in Proposition l8.3l In this section {Xi, Zi, ci) and (X2, Z2,(J2) are two 
sets of data as above, satisfying hypothesis P5)) . We set for short Xi = (Xi)^,. 

8.1. Direct and inverse images. We assume to be given a morphism f:Xi^ 
X2 is a morphism such that f{Zi) C Z2 and cti ~ /*o'2- The morphism / induces 
/: Xi — > X2, decomposed as f = ho g in the following diagram, where the square 
is Cartesian: 



^ Xi — ^ Xi xx, X2 — ^ X2 ^^2 




We have rJi = f-^^2, Tz.Xi = f-^Tz^X2, Pa^ = f'^Pa^ ■ We note that X1XX2X2 
is in general not a manifold and may have components of different dimensions. 
When / is clean with respect to Z2 and Zi = f~^{Z2) (clean then means that 
g' : Tz^Xi Xi x^a TZ2X2 is injective), g is a closed embedding. When / is 
transversal to Z2 and Zi ~ f^^{Z2), g is an isomorphism. 

Lemma 8.1. Let f: X ^ Y be a morphism of real analytic manifolds, T C Y a 
locally closed subset and Z — f^^T. 

(i) There exists a natural isomorphism f^^Kx — Kz- 

(ii) LetVcY be an open subset and U f^^iV) and let G e C+(Cy^^). We 
assume that the restriction f\u'.U^Vis smooth. Then the integration of forms 
induces a morphism of complexes: 

(38) f^.^Tu{Ax ® f-^G (g> u'y) ^ ^viAy ® G), 
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whose image in D''(Cxs„) is the natural morphism Rf\\RTu{f lox\y) 
RTvG. 

Proof, (i) By definition Kt = lim^^^ ^ C-j^^pp^, wliere Wi, W2 run over tlie open 

neighborlioods of T, T in Y . For any compact M C X, the f^^{Wi) Pi M give 
fundamental systems of neighborhoods of Z n M and Z n M in M. Since the 
inductive limit commutes with we deduce the isomorphism. 

(ii) We first reduce the statement to G = Cy- Indeed, for F e C'^{Cx^^) 
and F' G C+(Cy^^) with a morphism f]\rij{F) TyF', we have the sequence of 
morphisms 

fuTuiF ® f-'G) ^ fuTuiTuiF) ® r'G) 

^rv{Mru{F)®f-^G)) 

-^Tv{Tv{F')^G) 
<^rv{F' ^G), 

where the first one and the last one are induced by F — > rij{F) and F' TviF') 
(they are isomorphisms because ~ rj/(F)|t/ and F'\v — ry(F')|v), the second 
one is morphism ()10|) and the third one is given by the projection formula and the 
given morphism f\\ru{F) — > TyF'. 

Hence it is enough to define fvXu{Ax ^^'x\y) ~^ ^vAv- By definition a section 
oi f\<.{TuAx(^^x\Y) '^^^^ W C F is represented by a section uj e r{Urif~^W; Ax(^ 
cOx^y) whose support has compact closure in X. Since / is smooth on U we may 
define /^w, audit is tempered on i.e. it gives an element of r(V^n W^; ^y). This 
gives morphism ([55]) . □ 

Proposition 8.2. (i) There exists a natural morphism in D''{C(^x2)sa)' 

(39) KMC, PxA^z,\Z2)) ^ 

(ii) We assume moreover that Z\ = f^^{Z2) and f is clean with respect to ^2- 
Then there exists a natural morphism in D''(C(Xi)j,„)-' 

(40) r'C'i^^£l^®pxA^z,\Z2)®^xl\X2- 
If f is transversal to Z2 it reduces to: 

(41) f-'C2^Cl. 

Proof, (i) We note that Pi^ujxj^\x2 — ^Xi\X2- have the morphisms: 

Rfn{RpvARTnAKpoJ(E)UJx,\X2) - Rp2nRfnRTn^{Kpo^ ® ^XiixJ 

^ Rp2V.RTn2RMf-'Kpo^ ^iox^^x^) 
-> Rp2\\RTQ,2Kpo , 

where in the first line we use the projection formula for pi and f pi ^ P2 f (we note 
that ^x^\x2 ^'^t^^^ the parenthesis because it is locally constant). In the second 
line we use formula (jlOp and Lemma l8.ll (i). In the third line we use the projection 
formula for / and the integration morphism. 

Now we take the tensor product with w^Ti we obtain ([55)) . 



DG-METHODS FOR MICROLOCALIZATION 



29 



(ii) Since / is clean with respect to Z2 and Z\ = f^^Z2, the niorphisni g in 
diagram ()37p is an embedding. Hence — gn and we have the adjunction morphism 
id — > g\ \ g~^. We deduce a morphism of functors 

(42) f-'Rp2U ^ Rpiuf-' 

as the composition of the base change f^^Rp2V. ^ Rq\\h~^ and the adjunction mor- 
phism Rq\ih~^ Rqugw g~^h~^ = Rpi\\f^^. Now we define (|40| by the sequence 
of morphisms: 

r^C^ = r\RP2u{RTn.Kpo^)®px,,u:'^^;^\^) 

-> {RpiuJ-\RTn,KpoJ) ® /-Vjf.-<7i, 

= ®P^i!(a;zi|jfi) ® /"Vx,!wf;^i^, 

where the second hne is given by (|42p and in the third line we use the morphism 
f^^RTQ^Kpo — ^ RTfi-^Kpo , obtained from the morphism of functor /^^i?ro2 ~^ 
RTqJ'^ and LemmaO (i). 

If / is transversal to Z2 we have uJzi\Xi — f^^^Z2\X2- ^ 



Now we have the following analog of Proposition 18.21 for ^-modules, with the 
additional hypothesis that / is smooth, for the case of direct image. 

Proposition 8.3. (i) Assume that f is smooth. Then there exists a natural mor- 
phism of dg-Axi -'modules: 

(43) h{C^,®PxA^z,\Z2))-*C^2, 

bt 



whose image in D (C(X2)g„) is morphism ^ 

(ii) Assume that Z\ = f^^{Z2) and f is clean with respect to Z2. Then there 
exists a natural morphism of dg-Axi -modules: 

(44) f*Ci, - C^^®pxA^z,\zJ^u;-l^x2^ 

whose image in D^{C(^Xi)sa) morphism (j40[) . /// is transversal to Z2 it becomes: 

(45) f*C^^-^C^^. 

Proof. The proof is similar to the proof of Proposition 18.21 We keep the same 
notations and we just point out the changes. 

(i) We note that / is smooth on Jli and apply Lemma 18.11 This gives the 
morphisms: 

/!!(pi!!(rOii3poJ (g)WXi|xJ ^ P2\\fv.^nA'^X, ® K po^ 

and the tensor product with ^^^^1X2 §^'^^^ 63) ■ 

(ii) Morphism ((42|) has a non derived version f^^p2V. Piuf^^- Taking the 
tensor product Axi ®/-Mx2 ' ^^'^ using the projection formula we obtain: 

(46) f*p2\\ Piwf* 
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Now we define (j44]) by the sequence of morphisms: 

^ (pvAriVn^BpoJ) ® /-Vx.!<7i, 

where the second fine is given by ()46p and the third hne is the composition 

of standard morphisms of sheaves and the isomorphism of Lemma [8.11 (i). □ 

8.2. External tensor product. The external tensor product is a consequence of 
Proposition 1.3.8 of We give a different proof here, using the kernel (hence 
our morphism coincides with the one in [S] for a non-vanishing a) and check that 
it works for y^- modules. We still consider {Xi, Zi,ai) and {X2, Z2,(J2) as in the 
beginning of this section. We set X = Xi x X2, Z — Zi x Z2, a — ai + a2- 
Then {X,Z,(t) also is a kernel data satisfying ([29|) . We keep the notations of 
diagram ([37| and let p: Xz ^ X he the projection. We also have a natural 
embedding k : Xz ^ x X2. We set p' — pi x p2: Xi x X2 ^ X. 

Proposition 8.4. There exists a morphism C^^^ £° in D''(C(XixX2)3a)- 

Proof. The kernel is the tensor product of Rpi\\{RTQ_.Kpo ) and pjf j (w|'7^. ). 
The external product for the second term is straightforward: 

and now we only take care of the first term. We have the sequence of morphisms: 
{RpinRTmKp^,^)^ {Rp2nRTn^KpoJ ~~> Rp'„RTmy.nAKp»^ ^KpoJ 

Rp'ukuk-^R^n.xikiKpo^ ^KpoJ 
RpnRTnik^'^iKpo ^ Kpo )) 
RpuRTniKpo), 

where the first three arrows are standard morphisms of sheaves and the last one is 
defined as follows. We recall that Kpo ~ iH^^y ^yo ^W"\"vvP' where Wi, Wf run 

over the open neighborhoods of P„^, P^. in Xi. For such Wi, we have 

(Wi\VKf) X (w^\w^) = (w[ xW2)\{(W[ XW2) r\W) ^w\W, 

where VF° = x X2 U x and W ^ {Wi x W2) U . 

Now W and are open neighborhoods of P„ and P^ in Xi x X2 (note that 
Po- C TzX and TzX can be viewed as a subset of Xi x X2). This defines a natural 
morphism Kpo Kl Kpo li^J^^o ^w\w^^ where W and W'^ run over the open 

neighborhoods of P^ and P° in Xi x X2 ■ The inverse image by k gives the required 
morphism k^^{Kpo K Kpo ) Kpo. □ 
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Proposition 8.5. There exists a morphism C-^_^MC'^^ C'^ in Mod(ylxi xX2)7 
whose image in I}^{C(^XixX;),a) morphism of Proposition {8^1 



Proof. The proof of the previous proposition adapts immediately, with the following 
modifications in the sequence of morphisms: 

^ p\,kvk~'Tn,>cnMx,y<x, ^ (^pS, ^KpoJ) 
—^pnTniAx^ ®k^'^{Kpa^ ^KpoJ) 
-^puTniAx^ ®Kpo). 

□ 



9. FUNCTORIAL PROPERTIES OF MICROLOCALIZATION 

In this section f : X ^ Y \s a, morphism of real analytic manifolds. We recall 
the functorial behavior of microlocalization with respect to inverse image, in case / 
is an embedding, and to direct image. We check that the constructions make sense 
for dg-^- modules (restricting to the case of a smooth map for the direct image). 

We define the submanifold Z = X Xy T*Y diagonally embedded in X x (X Xy 
T*Y). We have the morphisms of kernel data 



XxT*X- 
U 

XxxT*X 
T*X ^ 



Xx{XxyT*Y) 
U 

Z 



fd 



X XyT*Y ■ 



-YxT*Y 
U 

■YxyT*Y 
-^T*Y. 



where the 1-form for the kernel corresponding to the middle column is 

UY^x - (id X fdYicTx) = (/ X /,)*(ay). 

This equality follows from f^{u}x) = f-^i^v)- We note that Z = (id x fd)^^{X x 
T*X) and Z C {f x Uy^{Y Xy T*Y), with equality if / is an embedding. This 



X 



implies that hypothesis (^5]) is satisfied for {X x {X XyT*Y), Z, oy^x)- We denote 
the corresponding kernel by Ly^x = I^uy^x- 

9.1. Microlocalization and inverse image. For the next two propositions we 
assume that /: X ^ y is an embedding. For G G D+(I(Cy)) we have a mor- 
phism Rfi»j-^iiY{G) nxif^^G), defined in Theorem 2.4.4 of [2]. We recall its 
construction below. The notations are introduced in the diagram: 



X 



X 



Y 



(47) 



pi 



XxT*X ■ 



■Xx{XxyT*Y) 



91 



YxT*Y 



T*X 



X XyT*Y 
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Proposition 9.1 ([9J, Theorem 2.4.4). We have a natural morphism, for an em- 
bedding f: X andGe D+(I(Cr)).- 

(48) Rfduf^'f^YiG) ^ f^xif-'G). 

Proof. We first note the morphism of functors f:^^Rq2\\ Rr\\{f x f-^)^^- It is 
obtained by the following composition of adjunction morphisms, where we use the 
fact that /, hence f^^ and f x f^^, are embeddings, so that direct and proper direct 
images coincide: 

f-'Rq2n^f-'Rq2V.{fxf^Ufxf^)-^ 

(49) 1 1 1 

-f^^Rf.*Rrn{fxf^)-^^Rrn{fxf^y\ 

We also note the morphisms of kernels: 

(50) if X f^y^Ly ^ Ly^X ^i^x^Y i?(id X /d)n(Ly^x ® t^x|y) ^ 

The first one is morphism (|40| of Proposition [8?2l (for Co- instead of £°), applied to 
f X fj^: we note that / x is clean with respect to F xy T*Y and X xy T*Y — 
if X A)"^(i^ Xy T*Y). The second one is morphism §^ (for instead of £°), 
applied to id x fd- 

Now the morphism of the lemma is defined by the succession of morphisms: 

(51) Rfduf-'fiYiG) = Rfduf-'Rq2v.iLy ® gf^G) 

(52) ^ RfdV.Rrniif x f^y^Ly ® p-^f-'G) 

(53) ^ i?P2!!(i?(icl X faUf X f^Y^ Ly ® p^ f-^G) 

(54) ->i?P2!!(ix®PrV"'G), 

where in line (|52p we used morphism (l49l) and the commutativity of inverse image 
and tensor product, and in line ([53|) the identities /^r = P2(id x fd), p = pi(id x fd) 
and the projection formula for (id x fd). The last morphism is the composition of 
the morphisms in (|50p . □ 



Proposition 9.2. For an embedding f : X ^ Y and G E Mod(^y), we have a 
morphism of At* x -"modules: 

(55) fduf:^l^iG)^^,iif*G), 



which makes a commutative diagram in D+(I(C'f*x)) with morphism ([48 
Rfdv.f^'f^YiG) Mx(/-iG) 



i?/rfn/>i^(G) ^ fd^^.f*ii^{G) ^t^i{f*G). 

Proof. We follow the construction of morphism (|48p . replacing each morphism by 
its analog for ^-modules. We have the analogs of morphisms P5)l and ([50]) : 

f^q2n ^ f*q2n{f X f^),Xf X f„)* 

^ ' ^f:f.*ruifxf^)*^ru{fxf^)*, 

(57) if X f^)*L^ ^ L^^x®^x]y^ iiAx fd)n{L^^x®^x]Y)~'Li. 
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Morphism (I56p is defined with the same adjunction properties as morphism ()49|) . 
The morphisms in Une (I57p are defined the same way as ((50|) . using Proposition [8l3] 
instead of Proposition 18.21 We deduce the succession of morphisms: 



(58) fdV.f>^{G) = UAf:q2u{L^ ®A q*iG) 

(59) '^fduru{{fxUrL^(g)AP*rG) 

(60) <^ P2V.{iid X fdUf X /.)*L^®^pjrG) 

(61) ^p2V.iLi®APirG), 



where in fine (|59|) we used morphism (I56p and the commutativity of inverse image 
and tensor product, and in fine ([60l) the identities fdr — P2(id x fd), p = pi(id x fd) 
and the projection formula for (id x fd) (Lemma 16. 6|) . The last morphism is the 
composition of the morphisms in (|57p . 

The vertical arrows in the diagram are the compositions of g^^ g* respectively 
for 5 = /tt, = /, and fiz fJ'Z: respectively for Z = Y , Z = X . This last 
morphism is defined only on T*Z. The diagram commutes because it is obtained by 
morphisms of functors. The isomorphism between the direct image and the derived 
direct image by fd follows from the softness of ^-modules (Proposition I6.5P . □ 

9.2. Microlocalization and direct image. In Proposition 19. 31 below we recall a 
weak version of the direct image morphism, defined in Theorem 2.4.2 of [9J. This 
theorem gives a morphism, for F £ D''(I(Cx)), Rf^Tufd^ f^x{F) —> fiYifv.F). We 
consider the case where F = f~^G <^x|y which is sufficient for our purpose, and 
we give an easier proof in this case. This proof also works for the resolutions by 
^-modules, assuming moreover that / is smooth (see Proposition l9.4p . We use the 
notations of diagram (|47)). 

Proposition 9.3 (special case of [5^, Theorem 2.4.2). There exists a natural mor- 
phism, for f: X andG e D+(I(Cy)); 



(62) i?/,n/^-Vx(r'G®^x|y) -> My(G). 

Proof. We set F = f^^G ® i^xiY and obtain the sequence of morphisms: 

(63) Rf^uf^^iix{F) 

(64) = Rf.ufd'RP2V.{Lx(^Pi^F) 

(65) ^ i?Ani?rn((id X fd)-'Lx (^p~'F) 

(66) ~ Rq2uR{f X A)n((id X fd)-'Lx ®p-^iOx\Y ® if hT^i^G) 

(67) ^ Rq2V.{Rif X /.)!!((id X fdV^Lx ® p'^ uj x\y) ® q^^ G) 

(68) ^ Rq2u{LY®qi^G), 



where in line (|65|) we used the base change formula fJ^Rp2\\ ^ -Rrn(id x fd)^^ 
and the identity p = pi(id x fd), in line ((66|) the identities /^r = q2(/ x /jr) and 
/p = ?!(/ X /,r), and in line ([67| the projection formula for (/ x /^). The last line 
is given by the composition of 

(id X fd)^^Lx Ly^x and R{f x f.^)n{LY^x ® p^'^u:x\y) Ly, 

which are respectively given by (ii) and (i) of Proposition l8.2l (for the first morphism 
we note that (idx/^j) is transversal to XxxT*X and for the second one we note that 
the restriction of to X Xy T*Y is isomorphic to ujxxyT'Y\yxyT'y)- ^ 
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The following proposition gives a realization of morphism ()62p by ^-modules. 
We restrict to the case where / is a submersion because we only have an integration 
morphism in this case. 

Proposition 9.4. There exists a natural morphism of At*y -'modules, for a sub- 
mersion f : X —f Y and for G G Mod(.AY); 

(69) /.n/>^(rG®c.^|y)^A*y(G), 

which makes a commutative diagram in D+(I(C'f.Y)) with morphism \Q2\: 

Rf.v.fd'f^xif-^G ® loxiy) Aiy (G) 



Rf.nf2t^i{f*G ® Lo'^^y) <^ An/>^(/*G ® Lo'^^y) ^ ^^(G). 

Proof. We follow the proof of Proposition 19.31 but now we consider morphisms of 
.A-modules. We set F = f*G ® ^'x\y ^^'^ obtain the sequence of morphisms: 

(70) /.n/>^(F) 

(71) ^f^nfdP2n{Li(^AP*iF) 

(72) f^nrniiidx fd)* Li® p*F) 

(73) ^ 92!! (/ X /.)n((id X fdYLi (g>p-'L0'x\Y if X f^TqlG) 

(74) ^ q2u{{f X /On((id X fayLi^p-'to'x^y) r^AQlG) 

(75) -^q2u{L^®Aq*iG), 

where in line (172]) we used the base change formula f^p2V. rwiid x fd)* and 
the identity p = pi(id x J^), in line (|73p the identities /ttT = (?2(/ x /^) and 
fp = 9i(/ X /tt), and in line ([74|) the projection formula for (/ x /jr). The last line 
is given by the composition of 

(id X fdYL^ ^ L^^x and {f x f^UL^^x ® P'^^'x\y) ^ 
which are given by (ii) and (i) of Proposition 18.31 

The diagram is defined as in Proposition 19.21 □ 

9.3. External tensor product. We consider X,Y as above and F G D+(I(Cx)), 
G G D+(I(Cy)). Proposition 2.1.14 of [9J implies the existence of a natural mor- 
phism: 

(76) ^lxFM^lYG^^lx^Y{FMG). 

Proposition 9.5. For F G Mod(^x) and G G Mod(^y) there exists a natural 
morphism 

liiFMfi^G^^ii^yiFMG). 
Its restriction to T*X x T*Y makes a commutative diagram with morphism (|76|) 
m B+{I{Cf,xxf*Y)): 

fixF S mfG ^ Pxxy{F K G) 



^liF^^i^G — ^^4^y{FmG). 
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Proof. The existence of the morphisms follows from the Kunncth formula and 
Proposition 18. 51 It coincides with the already known construction outside the zero 
section by Proposition 17. 101 □ 



10. Composition of kernels 

We recall the microlocal composition of kernels defined in ^ , Theorem 2.5.1, and 
we check that a similar construction also works for ^-modules. This construction 
is a composition of the operations recalled in section [9l and we just have to check 
that the restrictive hypothesis assumed in the case of .A-modules are satisfied. 

We first recall some standard notations and definitions. We consider three ana- 
lytic manifolds X, Y, Z and we let qij be the {i, j)-th projection from X xYxZ and 

the («, j)-th projection from T*X x T*Y x T*Z. We also denote by a: T*Y 
T*Y the antipodal map and we set = (id ^ ° Pi2- For F e D+(I(Cxxy)), 
G e D+(I(Cyxz)) and ^ e D+(I(Ct-xxt-f)), « e B+ (liCr-YxT' z)) we define: 

(77) FoG = Rqi3v.{qi2F(E>q2iG), do&^Rp^^u{pl-^:s®p-^<&). 

We set for short M = X xY xY x Z, N = X xY x Z &iid\ei j: N ^ M he the 
diagonal embedding. We define the maps: 

k: T*N ^ N Xm T*M, {x,y, z;£„i],C) ^ {x,y,y, z;£„~r],ri,C) 

r: T*N ^ N Xx^zT*{X x Z), {x,y, z;trj,0 ^ {x,y,z;tC) 

and obtain the following commutative diagram, with a Cartesian square: 

^ T*7VC ^ N X M T*M^ h — ^ T*M 

id 

T*N 
T*{X X Z) 

We note that o (S ~ i?Pi3!!P~H5' ^ ®)- Theorem 2.5.1 of [9] gives a natural 
morphism, the composition of kernels: 

(79) ^J^.xxYKlO ^YxzK2 ^ ^Jixxz{Kio K2), 

for Ki G D+(I(Cxxy)), K2 £ D+(I(Cyxz))- Since the commutation of microlo- 
calization and direct image has a weaker statement in the case of ^-modules than in 
the case of ind-sheaves of vector spaces, we also give a weaker statement than (1751) 
for the composition of kernels. 

In fact, for ind-sheaves, morphism ((80| below is equivalent to ((79| : indeed using 
the adjunction between i?gi3!! and q^^ we may apply ([80]) to K^, = Ki o K2 and 
recover ([79]) . But for ^-modules we don't have this adjunction and the statement 
of Proposition 110. 21 is actually weaker than an ^-module analog of (|79|) . 



(78) 




P13 N XxxzT*{X X Z)'~ 
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Proposition 10.1. For complexes Ki e D+(I(Cxxy)), K2 G D+(I(Cyxz)) and 
G D+(I(Cxxz))j with a morphism ^i® I2Z ^ K^®ujy , there exists 
a natural morphism 

(80) fJ-XxyKiO flYy zK2 ^ fixxzKs. 

Proof. By definition fixxvKi o fiYxzK2 = RpivAP^^ip-xxvKi Kl fJ.YxzK2). The 
external tensor product ((76)) gives hxxyKi K1 ^yxzK2 iim{Kx K K2) and tlie 
base cliange formula gives Rpi2,\\p~^ — RqisTrwRruk^^ j^^ ~ RQiSTrwqi^d-^jdwj^^ ■ 
We obtain the morphisms 

I^XxyKi o flYxzK2 Rqi3TTUqi3d ^jdujn^ il^M{Ki Kl K2)) 

Rqi37T\<qi3d i^NT^iKi Kl K2) 

Rqi37rUqi3d l^NiqisKs ® Uy) 

IJ-xxzKs, 

where in the second line we have applied Proposition l9.11 in the third the hypothesis 
and in the fourth Proposition [531 D 

Now we give the ^-module analog of the above result. For G Mod{AT' x xt*y) 
and (25 G Mod{AT*Y xt* z) we set 

We note the morphisms in D+(I(Ct'Xxt*z)): 

(81) So (3^ RpiSV.iPi;^ (S>Ar, P*23&) ^ d ©, 

where the second arrow is an isomorphism by Proposition [531 

Proposition 10.2. For A-modules Ki G Mod{AxxY), K2 G Mod(^yxz) and 
G Mod{Axxz) with a morphism 512-^1 ® 123^2 ~> 'Zis-f'^s ® there exists a 
natural morphism 

(82) fJ-ixYKi ii^^zK2 l^xxzK3, 

with the following property. Setting U = T* X x T*Y , V = T*Y x T*Z, the re- 
strictions of morphisms (j80p and (j82p outside the zero section make a commutative 
diagram in D+(I(Cf .xxt*z)))- 

{I^XxyKi)u o {hyxzK2)v ^ l^XxzKs, 

/i^^yivTi o ^^^zK2 ^Mxxz-^s- 

Proof. The proof is similar to the proof of Proposition llO.il replacing operations in 
D+(I(C.)) by the same operations in Mod(^.). In particular Proposition 16.71 gives 
the base change pi3\\p* = qi3Tr\\Tnk* j* <^ 'Zia-n-iiO'iad Jdiij^, which is an isomorphism 
because qi^d is an embedding and jd is smooth. Then we use Propositions 19.21 
and 19.41 instead of Propositions 19.11 and 19.31 

By Proposition l6.3l we have (75'2^i "^923^2 — qi2 ^^^123 ^^'^ Qi3^3 — Qis^^s 
in T)'^ (1(C X xY X z)) . Hence the morphism in the hypothesis of the proposition 
yields a morphism gfa^i^i 923^ -f^2 ^ (g) ujy in D+(I(Cxxyxz)) and we 
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may apply Proposition 1 1 . D The vertical arrows in the diagram are given by the 
morphisms of fmictors /i /i^^ and ([81]) . □ 

We are in fact only interested in the following example. We assume now that 
X, Y, Z are complex analytic manifolds. We use the yl- module Ox and its variants 
introduced in Definition 16.81 We set Ki — ol^'^^^ [dy], which gives a resolution 

of K2 = OyxF[d|], K3 = o'-^f^^d'z]. With these notations mor- 

phism (|28|) yields a morphism 912-^1 ® 923-^2 Q13K3 0;^ and Proposition 110.21 
gives the microlocal convolution: 

(83) f^^.yOffl^^di.] °o^M^xzO?'1^M|] ^ M^xzO^°xl^[rf|]- 

This convolution product is associative, because the composition of kernels o is 
associative, as well as the integration morphism, by Fubini. 

11. Sheaves of morphisms 

We will in fact use the morphisms of the previous section in a slightly more gen- 
eral situation, namely for complexes of the type 7-^om(7r^^i^, /iG), rather than fiG. 
For this we use the following proposition. Once again we recall the convolution for 
sheaves and then build it for ^-modules. To compare them we use the convolution 
products for complexes F, G, 5', 25: 

FoG = quv. {qi2F ® q^iG), ^ 0° © = p,,u [p^-^^S ® ^23'®)- 

Proposition 11.1. We consider F e C+(I(Cxxf)), G e C+(I(Cyxz)), ^ £ 
C+(I(C7-*(XxF))) md 25 S {I{Ct* (Y X z))) , there exists natural morphisms, re- 
spectively in D+(I(Ct*(xxZ))) and C+(I(Ct-(xxZ)))- 

(84) R7^om(7r3^i^^F,^)SRHom(7r^i^2G,6) ^RHom(7r^i^^(FoG),5§6), 

(85) HomiTTx^yF, ^) 0° HominyizG, ®) ^ Hom{TTx\ziF ° G),^ 0° 25). 

For F e C+{C^xxY)J, G G C+{C^y^z)J, ^ e Mod(^T-(Xxy)) and 25 e 
Mod{AT*(YxZ))^ we also have the natural morphism 

(86) nom{TTxl.YF,S) "^HomiiTYlzG, ®) ^ nom{nx],z{F o G),d''o «)• 
These morphisms fit into the commutative diagram: 

RWom(7r^i^^F, ^) o RWom(7r^i^2G, 25) ^ RHomiT^xxziF oG),So (5) 

t 

nom{TT]^\,ziF°G),^oe) 

(87) t 
HoniiTT^^YF, ^) 0° nomiTTyizG, 25) ^ nom{TT^l.ziF ° G), ^ o" 25) 

I t 

Wom(7r^i^^F, Hom(^-i ^G, 0) ^ HoM^x^ziF 2 G),J 6). 



38 



STEPHANE GUILLERMOU 



Proof. Wc first build morpliism (f84|) , in the derived category. We keep the notations 
of sectionlTOl in particular diagram (|78|) . To simplify the notations we suppress some 
subscripts on 7r~^. Let us denote by LHS the left hand side of ([M]) . We have 

LHS = Rpi3nP^\RHoin{TT-^F,^)^RHom{TT-^G,e)) 

We can enter the functor p~^ inside the RTiom, and use the morphism of functors 
Rpi3\\ R7Yom(-, •) R7iom(i?pi3*(-), Rpisv.i'))- Thus we obtain a morphism: 

(88) LHS Rnom{Rpi3^p'\-\F MG),^o 05). 

We let cr: TV 

Xxxz T* [X X Z) — > T*N be induced by the inclusion of the zero 
section of Y and we lei -k'^^: N Xxxz T*{X Z) N he the projection. Then 
7rj\/ o p o a —jo TT^. Moreover, since we deal with conic sheaves, we have the 
isomorphism of functors -Rr, ~ a~^. We also have a morphism Rqizi^w ~^ Rqistt*- 
We deduce the sequence of morphisms: 

Rpi3*P^^'^M^ - Rqi3ir*RT*p^^TTll 
^ Rqi37rv.cr~^p"^T^M^ 

(89) 

^ RqiSTrU-n- AT J 

where the last isomorphism is a base change. So we obtain n^^^^Rqi^uj^^ — > 
Rpi3*P^^'^jl and composing this morphism with ((88|) we deduce (l84|) . 



Morphism ([85|) in the category of complexes is obtained in the same way. In 
particular the analog of morphism (|88|) is obtained from the morphism of complexes 
Pi3!! ''^om(-, •) 7iom(pi3*(-),pi3n(-)). Moreover, r, is exact on conic sheaves, so 
that T, ~ _Rt, ~ a^^ and we have a sequence of morphisms in the category of 
complexes analog to (|89l) (note that the base change formula is true for complexes). 

The top part of diagram (j87p is given by the natural morphisms between functors 
and their derived functors. 



The difference between morphism (j86p and morphism (|85p only concerns the 
right hand side of the Tiom functors. Namely we replace the functor o by 



and obtain the same proof. The bottom part of diagram (|87p is then given by the 
morphism of functors ([8T|) . □ 



12. f-MODULES 

In this section X is a complex analytic manifold of complex dimension n = d^c 
and A denotes the diagonal of X x X. We identify T*X and T^(X x X) by the 
first projection. We denote by £x the sheaf of microdifferential operators of finite 
order. This is a sheaf on T*X and its restriction to T*X was interpreted using 
the tempered microlocalization in [Ij (see also jH]), as follows. We let 7: T*X 
P{X) he the projection to the complex projective bundle associated to T*X. Then 
£x -f-^-/4£^'^), where £^'^ is the sheaf on T*X ~ Tl{X x X): 

£f^'^T-^,hom{CA,of^],[n]). 
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The product of £^ is defined in [T] by the convolution product for tempered 
microlocahzation. This can be defined also in the language of ind-sheaves, follow- 
ing 0. We first define f^"'' e D^(I(Ct-(xxX))) by 

ET'' = RJHom(^-iCA,MxxxOf>;x^W), 

where 0%°^'^, defined in ^ as an object of D^(C(xxX)s„)i is now considered in 
D^(I(Cxxx) using the functor Thus f^"'' has support on T*X ~ Tl{X x X) 
but this doesn't imply that it is the image of an ind-sheaf on T*X . We recall the 
notations pi,P2 - T*{X x X) ^ T*X for the projections, a: T*X T*X for the 
antipodal map and we define the embedding 

5': T*X ~ Tl{X X X) ^ T*{X x X), (x,^ ^ i^,^,^, -0- 
Since suppS'x"'^ — T^{X x X) the morphisms of functors pi* —> pi*5'^S'^^ = d'~^ 
and p2* ^ a^^6'^^ induce isomorphisms: 

(90) J'-if^"'' ~ Pi*£T'^ ^ a-^p2^£T'^. 

We could write the same isomorphisms with pi\\ instead of pi^ or their derived 
functors. 

Definition 12.1. We let fjp'' e D''(I(Ct-x)) be the ind-sheaf on T*X defined 
by ([90|. 

Since the functor a from ind-sheaves to sheaves commute with direct image (or 
inverse image) we have £^'^ ~ aT'x{£x'^)- 

The complex £'^'^ comes with a product in the sense of Definition 13. f) defined 
as follows: 

(i) Using (Uni) we see that £'^'^ ® £%"^ ~ 5'-^{£'^'"^ o £'^'"^). 

(ii) We have Ca ° Ca = Ca and morphism ((84)) . with X — Y — Z , gives a 
morphism f™'^ ® £'^'^ -> 5'-^ RJHoni(7r-iCA, M^xxx ° A^^^xxx P^i])- 

(iii) The convolution product Rqi'i\\{q{2 O*'^^^ I*^] ® 'hi^^xxx [^\) ~^ ^xxxM 
together with Proposition I f . II gives a morphism /iC^*^^ o /xO^'^xI^"] ~* 

rfxX^W- 

The composition of (i)-(iii) defines the product £™'^ ® iS'j?'^ ~^ f]?'^- I"^ the same 
way Propositions 1 11 . 1] and [TOTl applied to X = F and Z a point, give an action 
of 

£ind /x0^ , in the sense of Definition 13.11 We deduce an action of f jf"^ on 
RJHom(7r-ii^,^C'*f), for any F G D^(I(Cx)). 

This product and this action are just morphisms in the derived category and 
do not endow the complex fjf"^ with a structure of algebra. However, when we go 
back to the derived category of sheaves with the functor aT*x, the product gives 
a morphism f^'^ ® ^x:'^ ~^ ^^ '^ ■ ^ sheaf (i.e. concentrated in degree 

0) and this morphism really endows £x''^ with a structure of sheaf of algebras. 
But this is not enough to define a structure of f^'-'^-module on T—^hom^F, Ox) — 
aT* X R2rWom(7r~^F, yuO^), which is in general not concentrated in degree. 

To solve this problem we define a dg-algebra £'^ on the site Xga (and not merely 
an object in the derived category) such that — ^t{£x)- We also define in 

the same way a dg-module over £-^ representing i^O*^. In fact our definition is 
exactly the previous one, but in the categories of ^-modules instead of the derived 
categories. 
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Definition 12.2. We define a complex of sfieaves on T*Xsa —T^{X x X)sa 

£^ = <5'-iHom(7r-iCA,Ai^xxO^°xtW), 
with a product defined as follows: 

(i) as in the case of f™'^' morphism ([86l) gives a morphism 

(ii) the convolution product ([^5]) together with Proposition 110.21 gives a mor- 
phism 

The composition of (i) and (ii) defines the product £^ £^. 

In the same way, Propositions 1 1 1 . ii and [T0?2l applied to X = y and Z a point, 
give a morphism £-^ ® Mx®-^ ^ fJ-x'^x- 

Proposition 12.3. The morphisms introduced in the previous definition give £^ 
a structure of dg-algebra and give fi'^Ox a structure of dg-£^-module. 

Over T* X , we have isomorphisms £™'^ ~ /^-(f^) and fJ-Ox — Iril^x^x)- 
Through these isomorphisms the product of and its action on iJ^Ox coincide 
with the product of £'x'^ and its action on defined above. 

Proof. The complex £-^ is a dg-algebra and ^;§Ox is a dg-f ^-module because the 
product and the action are defined in categories of complexes, and not merely up 
to homotopy. 

Let us check that the product of £x represents the product of £x'^ and that their 
action on /i^Ojf and /J-O^ are the same. This is a consequence of diagram ([57)) 
and Proposition 110. 2[ but in diagram (|87p some vertical arrows go in the wrong 
direction and the commutative diagram in Proposition 110.21 requires a restriction 
outside the zero section. These problems are solved as follows. 

In diagram (|87p the vertical arrows are isomorphisms. Indeed, we consider the 
cases 'S = Ai;§ol^'"]^[7i] and © = or = ^x-^Qx■ Hence, by Proposition EH g' 
and 6 consist of quasi- injective sheaves (on the site T*Xsa): and so are acyclic for 
the functors 7^om(_ff, ■), when H is constructible. In our cases the complexes _F, G in 
the diagram are Ca or Cx, so that the Tiom sheaves are isomorphic to the RTiom. 
For the composition of kernels o we also have to compute a direct image. Since we 
deal with ^-modules. Proposition 16. 51 implies that direct images and derived direct 
images coincide. This proves that the vertical arrows are isomorphisms. 

This diagram can be extended to the right, using Proposition 110.21 We can 
use the commutative diagram of Proposition 110.21 because of the following remark: 
setting U = f*X x f*X, we have, on f*X x T*X, {£T'^)u ^ ^'F"^ ■ Then, for 
the same reason as above, the right vertical arrows in this extended diagram are 
isomorphisms. □ 

We still have to make the link between £x and S^'^ ■ We note that p'^£x 
quasi-isomorphic to £^'^ . In particular p~^£x has its cohomology concentrated in 
degree and we have isomorphisms of sheaves: 

£ff'^H\p-'£^)^H\alA£^)). 
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Moreover the structure of dg-algebra on gives a structure of dg-algebra on 
p^^Ex 8.nd a structure of algebra on [p^^ E^) ■ The above proposition implies 

R, f • • • 

that this product induced on coincides with the one defined previously. 

We also have a structure of dg-f^^-niodule on p-^Ox] in particular it defines 
an object Uipj^Ox) e B{Ir{£^)). For any G G D-(I(Ct*x)) the complex 
Kni.om{G, IriPx'^x)) is thus also naturally defined as an object of BilriS^)). 
For G = TT-^F, F e D-(I(Cx)), we deduce that 

T-phom{F,Ox) = amnom{T:-^F,Ir{piOx)) e I){p-^£^), 

and, by construction, the corresponding action in D(Ct.x) 

p-^E^® T~phom{F, Ox) ^ T-phom{F, Ox) 

coincides with the action of £^'^ on T—phom{F, Ox) defined above. Thus we are 
almost done, except that J^phom{F, Ox) is defined as an object of D(p^^f ) rather 
than D{£^'^). But the dg-algebra p~^£x is quasi-isomorphic to f^'^ J^^^ 
remains to apply Corollarv l3.31 as follows. 

We have the quasi-isomorphisms of dg-algebras on T*X 

P '^X < ^<oP — ^ '^X ' 

and the equivalence of categories <j)Q o (/)<o* : Vi{p-^£^) ^ D(f^'^). We set £'x = 
f^T-xip'^Ex) so that we have an adjunction morphism £'x — > It{£x)- This mor- 
phism induces a functor of restriction of scalars, and (/)|5°</'<o* induces an equivalence 
of categories: 

r: BilA£^)) ^ Bi£'x), $: B{£'x) ^ D(/3T.x(fx'0)- 

Hence we obtain an object Ox = ^(^(^t (Mx®-^))) ^ D(/3t*x('?x '^)))' representing 
pOx and we can state the final result: 

Theorem 12.4. The object e D{Pt'x{£x'^))) defined above, over f*X, is 
send to pxOx in D(I(Ct*x)) by the forgetful functor. It satisfies moreover: for 
F e D-(I(Cx)) the complex 

aT-x mHoiain-^ F, O^) 

which is naturally defined in D(£'^''^), over T*X, is isomorphic in D(Ct*x) to 
T—phom{F,Ox) endowed with its action of £^'^ . 
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